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Abstract. We prove a general uniformization theorem for N=2 supercon- 
formal and N=l superanalytic DeWitt super-Riemann surfaces, showing that 
in general an N=2 superconformal (resp. N=l superanalytic) DeWitt super- 
Riemann surface is N=2 superconformally (resp., N=l superanalytically) equiv- 
alent to a manifold with transition functions containing no odd functions of 
the even variable if and only if the first Cech cohomology group of the body 
Riemann surface with coefficients in the sheaf of holomorphic vector fields 
over the body is trivial. As a consequence, we give a constructive proof that 
there is a countably infinite family of N=2 superconformal equivalence classes 
of N=2 superconformal DeWitt super-Riemann surfaces with genus-zero com- 
pact body, and that N=2 superconformal DeWitt super-Riemann surfaces with 
simply connected body are classified up to N=2 superconformal equivalence 
by holomorphic line bundles over the underlying body Riemann surface, up 
to conformal equivalence. In addition, we prove that N=2 superconformal 
DeWitt super-Riemann surfaces with compact genus-one body and transition 
functions which correspond to the trivial cocycle in the first Cech cohomology 
group of the body Riemann surface with coefficients in the sheaf of holomorphic 
vector fields over the body are classified up to N=2 superconformal equivalence 
by theta functions associated to the underlying torus up to type modulo the 
trivial theta functions, or in other words, by holomorphic line bundles over the 
torus modulo conformal equivalence. We also give the corresponding results 
for the uniformization of N=l superanalytic DeWitt super-Riemann surfaces 
of genus zero or one. 



1. Introduction 

In this paper, we prove a general uniformization theorem for N=2 supercon- 
formal and N=l superanalytic DeWitt super-Riemann surfaces. In N=2 super- 
conformal field theory, the surfaces swept out by propagating strings with N=2 
superconformal symmetry are N=2 superconformal DeWitt super-Riemann sur- 
faces, [F], |DPZ| . |FMS| . [W) . [Ge] . In order to construct an N=2 superconformal 
field theory, one needs, in particular, a precise description of the moduli space of 
N=2 superconformal DeWitt super-Riemann surfaces, under N=2 superconformal 
equivalence. 

There are two main approaches to supermanifolds, the "concrete" or "DeWitt" 
approach [F], [DeWj . [Ro) and the "ringed-space" approach [L], [HI], [MS]- The 
DeWitt approach and the ringed-space approach to supermanifolds are equivalent 
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if one restricts the supcrmanifolds in the DeWitt approach to only aUow for transi- 
tion functions which do not include components that are odd functions of an even 
variable [ Bat] . [Ro| . However, for applications to superconformal field theory, one 
needs to include these more general transition functions, which are naturally incor- 
porated using the DeWitt approach. Using the ringed-space approach, in order to 
incorporate the more general transition functions allowed in the DeWitt approach 
and in superconformal field theories, one must consider families of ringed-space 
supcrmanifolds over a given supermanifold. 

The problem of classifying N=2 superconformal super-Riemann surfaces which 
are restricted to those that have transition functions which do not involve odd 
functions of an even variable, i.e. those that arise in the the ringed-space approach, 
has been studied before, in for instance [FaR] . |M2j . and |BRj . 

The main result we prove in this paper states that, in general, an N=2 super- 
conformal DeWitt super-Riemann surface with body Riemann surface Mb is N=2 
superconformally equivalent to an N=2 superconformal DeWitt super-Riemann 
surface with transition functions which do not include components that are odd 
functions of an even variable if and only if the first Cech cohomology of Mb with 
coefficients in the space of holomorphic vector bundles over Mb is trivial. 

As shown in |DRS| . N=2 superconformal super-Riemann surfaces are equivalent 
to N=l superanalytic super-Riemann surfaces, and thus our results apply to these 
surfaces as well, under this equivalence. In fact it is interesting to note, that our 
main uniformization theorem is proved in the N=2 superconformal "homogeneous 
coordinate setting" where the dependency on the Cech cohomology associated to 
the underlying body Riemann surface is transparent when one considers consistency 
conditions of local coordinate transformations on triple overlaps. This dependency 
is not transparent if one looks a these consistency conditions for N=l superana- 
lytic super-Riemann surfaces or N=2 superconformal super-Riemann surfaces in 
the "nonhomogeneous coordinate setting" . 

N=l superanalytic ringed-space manifolds have been classified and studied in 
for instance [Mlj and [M2j . Using our main uniformization theorem which provides 
criteria for when an N=2 superconformal (rcsp. N=l superanalytic) DeWitt super- 
Riemann surface is N=2 superconformally (resp. superanalytically) equivalent to 
a ringed-space supermanifold, we further study uniformization for genus-zero and 
certain genus-one supcrmanifolds and give concrete realizations of the uniformiza- 
tion obtained in the ringed-space approach in the N=l superanalytic setting. That 
is, we classify, up to N=2 superconformal (resp. N=l superanalytic) equivalence, 
N=2 superconformal (resp. N=l superanalytic) DeWitt super-Riemann surfaces 
with simply connected body, giving a constructive proof. In addition, we classify 
N=2 superconformal (resp. N=l superanalytic) DeWitt super-Riemann surfaces 
with genus-one body and with transition functions restricted to those that do not 
contain components involving odd functions of an even variable. 

In particular, we show that there are unique, up to N=2 superconformal (resp. 
N=l superanalytic) equivalence, N=2 superconformal (resp. N=l superanalytic) 
DeWitt structures over the complex plane and complex upper-half plane, and a 
countably infinite number of inequivalent N=2 superconformal (resp. N=l super- 
analytic) DeWitt structures over the Riemann sphere. For N=2 superconformal 
(resp. N=l superanalytic) DeWitt structures over a complex torus, we show that 
if we restrict to supcrmanifolds where the transition functions, in particular, do 
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not contain components involving odd functions of an even variable, then there is 
a doubly infinite family of N=2 superconformal (resp. N=l superanalytic) equiva- 
lence classes of genus-one N=2 superconformal (resp. N=l superanalytic) DeWitt 
super-Riemann surfaces over a given torus, and that the N=2 superconformal (resp. 
N=l superanalytic) equivalence classes are determined by theta functions over the 
underlying lattice defining the complex torus, up to type and up to equivalence 
with respect to the trivial theta functions. 

We then show that our classification of genus-zero N=2 superconformal (resp. 
N=l superanalytic) DeWitt super-Riemann surfaces and this subclass of genus-one 
N=2 superconformal (resp. N=l superanalytic) DeWitt super-Riemann surfaces 
can be restated as follows: N=2 superconformal (resp. N=l superanalytic) De- 
Witt super-Riemann surfaces with genus-zero body or with genus-one body and 
transition functions restricted, in particular, to contain no odd functions of an 
even variable are classified up to N==2 superconformal (resp. N— 1 superanalytic) 
equivalence by holomorphic line bundles over the underlying Riemann surface up 
to conformal equivalence. 

This work has important implications for N=2 superconformal field theory [BPZj . 
IE], |DPZ| . |FMSj . [W] , |Gej . and its connections to mathematics through, for 
instance, the phenomenon of mirror symmetry [GP| , [CdGP| , [Gi] , |CK] , [HKK| , 
and the theory of vertex operator superalgebras [FLM] . [KT] . [DPZ] . [YZ] . |LVWj . 
[FFR| ■ [DL| . [B8| . in addition to having applications, through the theory of vertex 
algebra, to aspects of number theory ,Mil^ . ^STT, and integrable systems (MR) . 
[BR] . 

This uniformization result is a crucial step in constructing an N=2 superconfor- 
mal field theory following the work of Huang [Hl] - [H9j and Huang and Lepowsky 
[HLlj - [HL7] in the nonsuper case, and the author [Blj - |B6j in the N—1 supercon- 
formal case. The extension of this program to the N=2 superconformal case was 
initiated in |B7| . The present paper allows the results of B7] to be put into the 
context of the description of the entire moduli space of genus-zero N=2 supercon- 
formal super-Riemann surfaces. In [BlOj . we have determined the Lie supergroups 
of automorphisms of each N=2 superconformal equivalence class of genus-zero N=2 
superconformal super-Riemann surface, and this work along with that of the present 
paper provides the necessary results to proceed in defining the moduli space of N=2 
superspheres with tubes and a sewing operation modeling the worldsheet approach 
to genus-zero two-dimensional N=2 superconformal field theory. 

In particular, we note here that in both the nonsuper case and N=l super case 
there is a unique genus-zero surface up to conformal or N=l superconformal equiv- 
alence, respectively. However, as proved in this paper, there is a countably infinite 
number of equivalence classes of N=2 superconformal genus-zero super-Riemann 
surfaces. Thus, in the N=2 superconformal case, the operad structure on the mod- 
uli space of genus-zero worldsheets will have considerably more structure in com- 
parison to the nonsuper and N=l super cases. Consequently the algebraic structure 
imposed on the space of particle states by the worldsheet operad structure has con- 
siderably more structure in the N=2 superconformal case than in the analogous 
conformal and N=l superconformal cases, where the structure of a vertex opera- 
tor algebra |Hlj or N=l Neveu-Schwarz vertex operator superalgebra [B3j . |B4j . 
[B5| . respectively, is imposed. In fact, this work indicates that an algebra over the 
operadic structure of genus-zero N=2 superconformal worldsheets will necessarily 
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carry much more structure than that of an N=2 Neveu-Schwarz vertex operator 
superalgebra |B8| . 

This paper is organized as follows: In Section [21 the basic notions of superfunc- 
tions, superanalyticity and N=l and N=2 superconformality are presented as well 
as the notion of DeWitt supermanifold and N=2 superconformal super-Riemann 
surface. As subclasses of these notions, we also present notation for superfunctions 
and supermanifolds found in the more restricted ringed-space approach. In Sec- 
tion [21 we recall the construction of an equivalence between N=2 superconformal 
DeWitt super-Riemann surfaces and N=l superanalytic DeWitt super-Riemann 
surfaces following [ DRSJ . 

In Section m we prove the main theorem of this paper, namely that, in general, 
an N=2 superconformal DeWitt super-Riemann surface with body Riemann surface 
Mb is N=2 superconformally equivalent to an N=2 superconformal DeWitt super- 
Riemann surface with transition functions which do not include components that 
are odd functions of an even variable if and only if the first Cech cohomology of 
Mb with coefficients in the space of holomorphic vector bundles over Mb is trivial. 
We then use the equivalence between N=2 superconformal and N=l superanalytic 
DeWitt super-Riemann surfaces to state an analogous uniformization theorem for 
N=l superanalytic DeWitt super-Riemann surfaces. In Section HTTl we interpret 
our uniformization results in terms of certain vector bundles over the the underlying 
body Riemann surface. 

In Section 15.11 we study N=2 superconformal DeWitt super-Riemann surfaces 
over the Riemann sphere with certain restricted N=2 superconformal coordinate 
transformations. We then use the uniformization theorem proved in Section 4, to 
classify genus-zero N=2 superconformal DeWitt super-Riemann surfaces and give 
a constructive uniformizing procedure. In particular, we show that compact genus- 
zero N=2 superconformal DeWitt super-Riemann surfaces are classified up to N=2 
superconformal equivalence by a countably infinite family of superspheres, and there 
is a bijection between these equivalence classes and conformal equivalence classes 
of holomorphic line bundles over the Riemann sphere. We also state the analogous 
results for genus-zero N=l superanalytic DeWitt super-Riemann surfaces. 

In Section [6l we first recall some preliminary results about complex tori and 
theta functions. Then in Section [621 we study N=2 superconformal DeWitt super- 
Riemann surfaces over a fixed complex torus with certain restricted N=:2 supercon- 
formal coordinate transformations. In particular, we show that there is a doubly 
infinite family of distinct N=2 superconformal equivalence classes of compact genus- 
one N=2 superconformal DeWitt super-Riemann surfaces and that these distinct 
equivalence classes are characterized by theta functions associated to the torus up 
to type modulo the trivial theta functions, or equivalently by holomorphic line 
bundles over the underlying complex torus up to conformal equivalence. 

In Section [3 we reformulate our results in the "nonhomogeneous coordinate sys- 
tem" as opposed to the "homogeneous coordinate system" we had been using. We 
use this reformulation to give some intuition as to why our uniformization theorems 
hold. In particular, we discuss the infinitesimal N=l and N=2 superconformal co- 
ordinate transformations, the presence of a representation of the affine unitary Lie 
algebra and an action of the GL(1) loop group on the moduli spaces of genus-zero 
and genus-one N=2 superconformal super-Riemann spheres. 
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2. Preliminaries: Superanalytic functions, N=2 superconformal 
functions and supermanifolds 

2.1. Superanalytic functions. In this section, we recall the notion of superal- 
gebra, Grassmann algebra and superanalytic function following, for instance [B7| . 
[DiW) . [R5) . 

Let C denote the complex numbers, let Z denote the integers, and let TLi denote 
the integers modulo 2. For a Z2-graded vector space V = ®V'^ , over C, define 
the sign junction | • | on the homogeneous subspaces of 1^ by \v\ = j, for v G 
and j € li. If \v\ = 0, we say that v is even, and if |f | = 1, we say that v is odd. 

A superalgebra is an (associative) algebra A (with identity 1 € A), such that: (i) 
A is a Z2-graded algebra; (ii) ab = (— l)''('^)''(^)6a for a,b homogeneous in A. Note 
that when working over a field of characteristic zero or of characteristic greater than 
two, property (ii), supercommutativity, implies that the square of any odd element 
is zero. 

Let F be a vector space. The exterior algebra generated by V, denoted A(^); 
the structure of a superalgebra. Let N denote the nonnegative integers. For L G N, 
fix Vl to be an L-dimensional vector space over C with basis {(^i, ^2, ■ • ■ , Ci} such 
that Vl C Vl+i- We denote /\{Vl) by /\^ and call this the Grassmann algebra on 
L generators. In other words, from now on we will consider the Grassmann algebras 
to have a fixed sequence of generators. Note that /\^ C Al+ii ^^'^ taking the limit 
as i — > oo, we have the infinite Grassmann algebra denoted by Aoo- Then Al and 
Aoo ^^'^ associative algebras over C with generators Cj , for j = 1,2, . . . , L and 
j — 1,2,..., respectively, and with relations 

Note that dime Al = ^^"^ if L = 0, then Ao = We use the notation A* to 
denote a Grassmann algebra, finite or infinite. The reason we take A* to be over 
C is that we will be interested in complex supergeometry. However, formally, we 
could just as well have taken C to be any field of characteristic zero. 
Let 

Jl = {(j) = (ii,J2, • • • ,J2«) I Ji < J2 < • • ■ < J2«, ji e {1,2, . . . n € N}, 

Jl = {(j) = Uuh, ■ ■ ■J2n+i) I jl < j2 < • • • < Wi, ii e {1,2, ...,L}, ne N}, 

and Jl — J^U J}^. Let 2+ denote the positive integers, and let 

JL = {(j) (ii,i2, • • ■,j2n) I jl < j2 < • • • < j2„, jl e Z+, n e N}, 

JL = {(j) = (jl, j2, ■ • • , j2n+l) I jl < j2 < • ■ ■ < j2n+l, jl G Z+ , n G N}, 

and Joo — U J^. We use J°, , and to denote J° or J^, or J^, and Jl 
or Joo, respectively. Note that (j) = (ji, . . . , j2n) for n = is in J°, and we denote 
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this element by (0). The Z2-grading of /\^ is given expHcitly by 

A° = { E «0)0i02 • • • Chr. I «o) e c, n e n} 
Ai = { XI '^wOiOs • • • Ci2„+i I e C, n e n|. 

We can also decompose /\^ into ftody, (A*)s = {'^(0) S C}, and somZ 

(AJs = { J2 «0)0iCj2 •••0„ I %) e c| 
O)eJ.x{(0)} 

subspaces such that /\^ = (A*)-B ffi {A*)s- For a € /\^, wc write a = + for 
its body and soul decomposition. We will use both notations ub and a(0) for the 
body of a supernumber a G /\^ interchangeably. 

For n G N, wc introduce the notation A*>n denote a finite Grassmann algebra 
/\^ with L > n or an infinite Grassmann algebra. We will use the corresponding 
index notations for the corresponding indexing sets J*>„, -/i>„ and J*>„. 

Let m,n e N, and let U be a subset of (A^)™ ® (AI)"- ^ A*-superfunction H 
on U in (m, n)-variables is given by 

H:U A* 

) 1-^ H{zi,Z2, Z^, 01,02, On) 

where Zk, for k = l,...,m, are even variables in A* and 0k, for fc = l,...,n, 
are odd variables in A*- If -f^ takes values only in A*j respectively in we say 
that H is an even, respectively odd, superfunction. Let /((-2i)b, {z2)b, ■ ■ ■ , (•z?ti)b) 
be a complex analytic function in {zk)B, for fc = l,...,m. For Zk € A*' a^'i 
k = 1, . . . , m, define 



(2.1) /(^;i,2:2,---,2:m) = X] 



(Zl)^n^2)^ • • (z™) 



d 



d{Zm)l 



f{{zi)B,{Z2)B, ■ ■ ■ ,{Zm)B)- 



Consider the projection 

(2.2) 7rlr'"^(A°>„-ir®(A!>„_i)" ^ 

(^l,---,^m,6'l,---,6'n) ((^l)B,(2;2)i3,---,(2;m)s)- 

Definition 2.1. iet rn,n e N. iet C/ C (A»>„-i)'" ® (Ai>„-i)". and let H he 
a f\^^^_^-superfunction in {m,n) -variables defined on U. Then H is said to he 
superanalytic if H is of the form 

(2.3) H{zi,Z2, . ■ . ,ZTn.,dl,62, ■ . ■ ,9n) = ^ ' " (^jj(3){zi, Z2, ■ ■ ■ , Zm), 

0)6 J. 

where each f(^j) is of the form 

(2-4) f(j){Zl,Z2,- ■ ■ ,Zm) = X /(j),(fe)(^l) ^2, • • • , ^m)CfciCfc2 • • • Cfc,) 

(fe)eJ._„ 
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and each f(j).(k){{zi)B, (22)5, • • • , {zrnjB) is analytic in (zi)b, for I = 1, . . . ,m and 

{{zi)b, {z2)b, {z,n)B) eUB^ ^^"•"^(C/) C C" . 

We require the even and odd variables to be in A*>n-ii ^^'^ restrict the 
coefficients of the /(j),(fc)'s to be in ^ A*>n-i ™ order for the partial deriva- 

tives with respect to each of the n odd variables to be well defined and for multiple 
partials to be well defined (cf. [DeW) . [Bi]. [Ro], [B7)). 

Remark 2.2. In the language of |Roj . these superanalytic /\*>„_i-superfunctions 
are called GC"^ functions on C™'" if /\^ = /\^, and are called GHC" functions 
on Cgj'^j if A* = Al- In the language of (Ro| . the class of HC^ functions on 
C™'" are those superanalytic Aoo"Superfunctions in (m, n)-variables for which the 
coefficient functions f(j) are complex analytic, i.e., they take values in C rather 
than more generally in Aoo- other words, the HC^ functions on C™'" are 
the subclass of GC" functions on C^'" for which f(j).(k) = if (fc) ^ (0), and 
thus are a subclass of the functions we call superanalytic A*>„_i-superfunction in 
(to, n)-variables. Similarly, the class of HC^ functions on C^j'^j in jRo] are those 
superanalytic AL>n-i"^nP^'^^™*"tions in (to, n)-variables for which the coefficient 
functions /(j) are complex analytic, i.e., they take values in C rather than more 
generally in Ai-n' thus are also a subclass of the functions we call superan- 
alytic A*>n-i"Superfunction in (to, n)-variables. Often the ringed-space approach 
to supermanifolds restricts to functions in this subclass HC^ of the more general 
class GC^. 

We define the DeWitt topology on (A*>„_i)'" © (Ai>n-i)" by letting a subset 
U of (A*>„_i)™ ffi (Ai>n-i)" be an open set in the DeWitt topology if and only 
if [/ = (7r^'"'')~^(V^) for some open set V C C™. Note that the natural domain 
of a superanalytic A*>n-i"Supcrfunction in (m, n)-variables is an open set in the 
DeWitt topology. 

Let (A*)^ denote the set of invertible elements in A*- Then 

(AJ' ={«eAJ«s^O} 

since - — — 7 — = yi^^m ^^l.+T'^ is well defined if and only if an 7^ 0. 

a aB+as Z-^nEN •' ' 

Remark 2.3. Recall that Al Al+i for L e N, and note that from (|2.ip . any 
superanalytic Ai-superfunction, i/i, in (to, n)-variables for L> n can naturally be 
extended to a superanalytic AL'"Superfunction in (to, n)-variables for L' > L and 
hence to a superanalytic Aoo"^nperfunction. Conversely, if H^i is a superanalytic 
Ai/-superfunction (or Aoo"^nperfunction) in (to, n)-variables for L' > n, then we 
can restrict Hi^i to a superanalytic A^-superfunction for L' > L > nhy restricting 

(zi, ...,z^,ei,...,0n) & (Al)" ® (Ai)" and setting = if (fc) ^ Jl_„. 

That is, there is a certain degree of functorality in terms of what underlying Grass- 
mann algebra we are working over. 

2.2. Subclasses of (1,1)- and (1, 2)-superfunctions and N=l and N=2 su- 
perconformal functions. For the purposes of this paper, our focus will be on 
superanalytic A*>,i-i"Superfunctions in (1, n)-variables for n < 2, i.e., the case of 
one even variable and one or two odd variables. Here we introduce some nota- 
tion for some of the subclasses of (1, n)-superfunctions for n = 1,2. In particular, 
distinguishing these subclasses will be useful both for stating our results, and for 
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relating these results to some of the results from the ringed-space approach which 
is more restrictive than the general approach we take throughout this paper. In 
addition, we recall the notions of N=l and N=2 superconformal functions following, 
for instance, [Cg, [DRS] . [B2] . [B4] . [B7] . 

A superanalytic (1, 7T.)-superfunction H{z, 9) — (z, 6) from a DeWitt open neigh- 
borhood in A,>o © A*>o to A*>o © A *>o "-"^ the form 

(2.5) z = f{z) + 9az) 

(2.6) 9 = ^j{z)+9g{z) 

for f,g even and ^,1/' odd superanalytic (1, 0)-superfunctions in z. We will call 
this class of functions N = 1 superanalytic functions, and denote the class of such 
functions by G*>o{^)- In the ringed-space approach, one does not consider odd 
functions of an even variable such as ^ and ^p. Let H*>o(l), be the subclass of 
S*>o(l) consisting of (1, n)-superfunctions H{z,9) = {z,9) of the form (|2.5p - (|2.6p . 
where tplz) and ^{z) and the soul portion of f{z) are identically zero. That is, /(zb) 
is a complex analytic function on an open subset of C. Finally, let C*>o(l) be the 
subclass of H*>o(l) consisting of ■?^*>o(l) functions such that g{zB) is a complex 
analytic functions on an open subset of C. Thus we have C*>o(l) C 7Y»>o(l) ^ 
5*>o(l)i and the only time equality holds is in the case when * = 1, i.e., when we 
are working over the Grassmann algebra /\^. In this case, Ci(l) = 7ii(l) = Gi{^)- 
In addition, we have the inclusions Gl{^) C Gl'{^) ^ ^00 (1), for < L < L' . 

Similarly, a superanalytic (1, 2)-superfunction H{z, 91,62) = {z,9i,92) from a 
DeWitt open neighborhood in A!>i ©(Ai>i)^ to A*>i ©(Ai>i)^ is of the form 

(2.7) z - f{z) + 9iii{z) + 92Uz) + di92g{z) 

(2.8) ~9j = iljj{z) + 9igj{z)+92hj{z)+9i92fj{z) 

for J = 1,2, and f,g,gj,hj even and £,j,ipj,ipj odd superanalytic (l,0)-super- 
functions in z. We will call this class of functions N — 2 superanalytic functions, and 
denote the class of such functions by G*>i{2). Again, since in the ringed-space ap- 
proach, one does not consider odd functions of an even variable, we let H*>i(2), be 
the subclass of t/*>i(2) consisting of (1, 2)-superfunctions H{z, 91,62) — (2,^1,^2) 
of the form (|2.7|) - (|2.8[) . where ipj{z), £,j{z) and (f>j, for j — 1,2, are identically 
zero and f^zs), is a complex analytic function on an open subset of C. Finally, 
let C*>i(2) be the subclass of H*>i(2) consisting of H*>i(2) functions such that 
g{zB), and gj{zB) and hj(zB), for j — 1,2, are complex analytic functions on an 
open subset of C. Thus we have C*>i(2) C 7i*>i(2) C G*>i{2), and the only time 
equality holds is in the case when * = 2, i.e., when we are working over the Grass- 
mann algebra /\2- In this case, €2(2) = 7^2(2) = ^2(2). In addition, we have the 
inclusions Gl{2) C Gl'^^) C Goo{2), for < L < L'. 

An N= n superconformal function is a superanalytic (1, n)-superfunction on a De- 
Witt open subset of A°>„-i ©(Ai>„-i)" to A">„-i ©(A!>„-i)" that transforms 
the superderivations Dj = + &j-§^, for j = 1, . . . n, in a certain "homogeneous" 
way. 

In particular, an N=l superanalytic function H{z, 6) = {z, 6) of the form (|2.5[) - 
(H^ transforms D = + 9-§^ to D = + 9-§. hy D = {D9)D + {Dz - 906)1)^. 
We define H to be N=l superconformal if H transforms D homogeneously of degree 
one. That is, if H{z,6) — [z, 6) satisfies Dz — 6D6 — 0. This is equivalent to H 
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having the form 

(2.9) ~z = + 

(2.10) ~d = i)(z)^Qg{z) 

for /, 5 even and ?/> odd superanalytic (1, 0)-superfunctions in z, satisfying the 
condition 

(2.11) /'(z) = .g(z)g(z)-^(z)^'(z), i.e., g'' {z) = f {z) + ^{z)^' [z) . 

Thus an N=l supcrconformal function H is uniquely determined by the superana- 
lytic functions /(z) and ^'{z) and a choice of square root for (|2.1ip . 

In the N=2 superconformal setting there are generally two different coordinate 
systems commonly used. We will first work in what we call the "nonhomogeneous" 
coordinate setting (see [B7] and [B8j ). and then translate to the "homogeneous" 
coordinate system. 

An N=2 superanalytic function H{z, 61,62) = {5,61,62) of the form ((^ - ([^ 
transforms Di and D2 by 



L»i = {Di6i)Di + {Di62)D2+[Di~z-6iDi6i- 620162) Di 
D2 = (0261)0^ + {0262)1)2+ (022-6^0261-620262)1)1. 



We define H to be N=2 superconformal if it transforms Oi, respectively O2, as 
Dl = {Oi9i)Di + {Oi62)D2 = {Di0i)Di-{D29i)D2, respectively Z^a = {D29i)Di + 
{0262)02 = {0261)01 + {0161)02. That is H must satisfy 

(2.12) 0161-0262 = O162 + O261 = 

(2.13) OiS - 9iOi6i - 620162 = 

(2.14) O2Z - 610261 - 620262 = 0. 

These conditions (|2.12p - (|2.14p imply that an N=2 superconformal function in the 
nonhomogeneous coordinate system H{z, 61, 62) — {z, 61, 62) is of the form 

(2.15) z = !{z) + 6i{gi{z)Mz)+g2{z)i^2{z)) + 62{gi{z)Mz)-92{z)Mz)) 

-6i62{Mz)Mz))' 

(2.16) 61 = Mz) + 6igi{z)-62g2{z) + did2{i'2)'{z) 

(2.17) 62 = Mz) + 6ig2{z) + 62gi{z)-did2{^pi)'{z), 
satisfying 

(2.18) f'{z) = gl{z) + gl{z) - Mz){^i)' {z) - Mz){^2)'{z), 

for even superanalytic (1, 0)-superfunctions f,gi and g2 and odd superanalytic 
( 1 , 0)-superfunctions "01 1 V'2 • 

It will be convenient for us to work in the "homogeneous" coordinate system 
denoted by even variable z and odd variables 6^ and 6~ , where 

(2.19) 6^ = ^{9i±i62). 

v2 

or equivalently 

(2.20) ^1 = ^ (^"^ + and 62 = — {6+ - 6') . 

V 2 V 2 
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This is a standard transformation in N=2 superconformal field theory (cf. [DRS], 
[B7| . [B8| ). however the nomenclature "homogeneous" for the {z,9^,9^) coordi- 
nate system and "nonhomogeneous" for the (z, 0i,02) coordinate system was first 
introduced in by the author in |B7| . In Remark 12.41 we give some reasons for this 
terminology. Other reasons for this nomenclature involve the algebra of infinitesi- 
mal N=2 superconformal transformations and are discussed in Remark 17.11 below 
as well as in IB 71. 



We have that 



d 1/9 d \ d i ( d d 

and 



d9i y^\d9+ 89- J 892 y^\89+ 89 

or equivalently 



89± V2\89i 89-, 



Define 



Note that 

(2.22) [D^,D^] = 2{D^f = 

8 

(2.23) \D+,D-] = D+D-+D-D+ = 2—. 
^ ■' 8z 

Let H{z,9^ ,9-) = {z,9'^,9-) be an N=2 superanalytic function in the homo- 
geneous coordinate system from a DeWitt open neighborhood in A*>i®(A*>i)^ 
to A!>i ®(Ai>i)^' S is an even superanalytic (1, 2)-superfunction and 9^ 
are odd superanalytic (1, 2)-superfunctions. Then _D+ and D~ transform under 
Hiz,9+,9-)hy 

(2.24) = (D^9^)D^ + (D^9^)-t- + (L>±z - 9^D^9^)-^. 

^ ' ^ ^8z 

An N=2 superconformal function H in the homogeneous coordinate system 
transforms and transform homogeneously of degree one. That is, H trans- 
forms by non-zero superanalytic functions times D^, respectively. Since such a 
superanalytic function H{z, 6*+, 9~) = {z, 9~^, 9~) transforms and D~ according 
to (|2.24p . H is superconformal if and only if, in addition to being superanalytic, H 
satisfies 

(2.25) 0^9"^ = 0, 

(2.26) D^z-9^D^9^ ^ 0, 

for D^9^ not identically zero, thus transforming by = {D^9^)D^. These 
conditions imply that we can write H{z, 9'^,9~) = (z, 9~^,9-) as 

(2.27) S = f{z) + 9+g+{z)tp-{z)+9-g-(z)ij+{z) + 9+9-{ij+{z)tp-{z)y 

(2.28) 0± = -0=^(2) -t-6'±5±(z)± 61+61" (7/;±)'(z) 

for /, even and odd superanalytic (1, 0)-superfunctions in z, satisfying the 
condition 

(2.29) f{z) = (^+)'(z)^-(z)-V^+(z)(V-)'(z) + ff+(z)5-(^), 
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and we also require that D^d^ and D^6^ not be identically zero. Thus an N=2 
superconformal function H is uniquely determined by the superanalytic functions 
f{z), and g^{z) satisfying the condition (I2.29p . 

Note that, transforming between homogeneous and nonhomogeneous coordinate 
systems for an N=2 superconformal functions given by (|2.27p - (l2.29p . or equivalently 
(f2?T5l) - ([27T8l) . we have that ^^{z) = ■^{'ipi{z)±iilj2{z)) and g^{z) = gi{z)±ig2{z). 

Remark 2.4. From the properties derived above for an N=2 superconformal 
function in the nonhomogeneous coordinate system, we see one of the reasons 
for our terminology. Namely, that in the nonhomogeneous coordinate system an 
N=2 superconformal function does not transform the superderivations Di and 
D2, respectively, homogeneously of degree one. Instead it transforms them as 
Di = {DiOijOi + [0162)1)2 and D2 = {D20i)Di + (£'2^2)£'2, respectively - unlike 
the homogeneous nature of the transformation of under an N=2 superconformal 
function in the homogeneous coordinates. In the latter case the superderivations 
transform homogeneously as — {D^9^)D^ . 

2.3. Complex DeWitt supermanifolds and N=2 superconformal DeWitt 
super-Riemann surfaces. A DeWitt (m,n)- dimensional supermanifold over /\^ 
is a topological space X with a countable basis which is locally homeomorphic 
to an open subset of (A*)" © (A!)" in the DeWitt topology. A DeWitt {m,n)- 
chart on X over A* is a pair ([/, fl) such that U is an open subset of X and 
is a homeomorphism of U onto an open subset of (A*)™ © (AI)" in the DeWitt 
topology. A superanalytic atlas of DeWitt (m,n)- charts on X over A*>,i-i is a 
family of charts {{Ua,^a)}aeA satisfying 

(i) Each Ua is open in X, and UaGA = 

(ii) Each Qa is a homeomorphism from Ua to a (DeWitt) open set in (A*>ri-i)'"© 
(Ai>n_i)"j such that ila ° f^^^ : ^piUa n C//3) — > ilaiUa H Up) is superanalytic for 
all non-empty Ua H Up, i.e., fla o = {zi, . . . , Zm, Oi, . . . , On) where Zi is an even 
superanalytic A*>„_i-superfunction in (m, 7i)-variables for i — I, . . . ,m, and 9j is 
an odd superanalytic A*>n-i"Snperfunction in (m, n)-variables for j — I, . . . ,n. 

Such an atlas is called maximal if, given any chart (C/, f2) such that 

Qon^^ : np{u n Up) — > q{u n Up) 

is a superanalytic homeomorphism for all (3, then ([/, ft) e {{Ua,^a)}aeA- 

A DeWitt {m,n)- superanalytic supermanifold over A*>n-i i^ ^ DeWitt (m, n)- 
dimensional supermanifold M together with a maximal superanalytic atlas of De- 
Witt (TO,n)-charts over A*>n-i- 

Given a DeWitt (m, n)-superanalytic supermanifold Af over A*>n~ii define an 
equivalence relation ~ on M by letting p ^ q ii and only if there exists a G A such 
that p,q (z Ua and 7r^'"''(f2a(p)) = Tr^]^'^\fla{q)) where tt^'"'' is the projection 
given by (j2.2p . Let ps denote the equivalence class of p under this equivalence 
relation. Define the body Mb of M to be the m-dimensional complex manifold 
with analytic structure given by the coordinate charts {((C/a)s, {^a)B)}aeA where 
{Ua)B = {PB I P e Ua}, and {ila)B ■ {Ua)B — > C™ is givcu by (ila)B(ps) = 
TT^'"-* o Q.a{p)- We define the genus of M to be the genus of Mb- 
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Note that M is a complex fiber bundle over the complex manifold Mb ; the fiber 
is the complex vector space (A*>n-i)™ ® (Ai>n-i)"- This bundle is not in general 
a vector bundle since the transition functions are in general nonlinear. 

For any DeWitt (1, n)-superanalytic supermanifold A/, its body Mb is a Riemann 
surface. An jV= n superconformal DeWitt super- Riemann surface over 
for n = 1,2, is a DeWitt (1, rt)-superanalytic supermanifold over A*>n-i with 
coordinate atlas {{Uon^a)}aeA such that the coordinate transition functions fla o 
ff^^ in addition to being superanalytic are also N=7i superconformal for all non- 
empty UafMJp. 

Since the condition that the coordinate transition functions be N= n supercon- 
formal instead of merely superanalytic is such a strong condition (unlike in the 
nonsuper case) , we again stress the distinction between an N= n superanalytic De- 
Witt super-Riemann surface which has superanalytic transition functions versus an 
N= n superconformal DeWitt super-Riemann surface which has N=2 superconfor- 
mal transition functions. In the literature one will find the term "super-Riemann 
surface" or "Riemannian supermanifold" used for both merely superanalytic struc- 
tures (cf. |DeWj ) and for superconformal structures (cf. [P], |CR| ). Throughout 
this paper, we will be mainly dealing with N=2 superconformal super-Riemann 
surfaces and N=l superanalytic super-Riemann surfaces. 

In general, the transition functions for an N= n superanalytic DeWitt super- 
Riemann surface, for n — 1,2, are Q^^^n-iin) functions. If however, the func- 
tions are in the subclass of ?i*>„_i(n) functions, or C*>„_i(n) functions, then we 
will call such a super-Riemann surface a 7i,t>„_i (n)-supermanifold or C*>„_i(7i)- 
supermanifold, respectively. These subclasses of supermanifolds are those usually 
studied in the ringed-space approach in, for instance, [Ml' and [M2] . although at 
times the transition functions arc allowed to have component functions f{z) that 
are not purely complex analytic when restricted to but can take values in A*- 

Let Ml and M2 be N= n superanalytic DeWitt super-Riemann surfaces, for 
n = 1,2, with coordinate atlases {(11^, ^aYlaeA and {(V^, S^)}^^^, respectively. 
A map F : Mi — > M2 is said to be N=n superanalytic if o F o f]"^ : Q.a{Ua H 
F'^i^li)) — ^ '^fA^li) is N=2 superanalytic for all a G A and [3 ^ B with Ua n 
F^^iVp) 7^ 0. If in addition, F is bijective, then we say that Mi and M2 are 
N= n superanalytically equivalent. By N=2 superanalytic structure over a Riemann 
surface Mb, we mean an equivalence class of N=2 superanalytic equivalent atlases 
on a DeWitt (1, n)-supermanifold M whose body is Mb- 

Now, let Ml and M2 be N= n superconformal DeWitt super-Riemann surfaces, 
for n = 1,2, with coordinate atlases {{Ua, f^Q)}aeA and {(Vg, 2/3)}^gB, respec- 
tively. A map F : Mi — > M2 is said to be N=n superconformal if o F o f^^^ : 
^a{Ua n F^'^{Vfj)) — > S^(Vfl) is N= n superconformal for all a e A and (3 ^ B 
with Ua n -F^^(Va) 7^ 0. If in addition, F is bijective, then we say that Mi and 
M2 are N= n superconformally equivalent. By A'^ n superconformal structure over 
a Riemann surface Mb , we mean an equivalence class of N= n superconformally 
equivalent atlases on a DeWitt (1, 2)-supermanifold M whose body is Mb- 

Here we have two rather trivial examples of N=2 DeWitt super-Riemann sur- 
faces: We define the N—n super complex plane over A*>n-i' denoted by S'"C, to 

be C X (A!>„_i)5 X (A!>„-i)" = A!>„-i x(A1>„-i)" ^ith the usual topology 
on C dictating the DeWitt topology on 5'"C. 
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We define the N=n super upper half-plane over A*>n-ii denoted by S*"!!, to be 

X (A*>„-i)s (A!>„-i)" ■^it^^ ttie usual topology on HI dictating the DeWitt 
topology on S""!!. 

Note that for N= n with n = 1,2, both the superplane S'"C and the super 
upper half-plane S'^M. are not only superanalytic as supermanifolds, but also N=n 
superconformal. These are also examples of C*>„_i(n)-supermanifolds. 

3. The equivalence of N=2 superconformal and N=1 superanalytic 
DeWitt super-Riemann surfaces 

In this section, we recall some results from |DRS) establishing an equivalence be- 
tween N=l superanalytic super-Riemann surfaces and N=2 superconformal super- 
Riemann surfaces. Our main result in this paper, Theorem 14.11 in Section |4] is 
formulated and proved for N=2 superconformal DeWitt super-Riemann surfaces. 
In Section lU we will use the results from DRS^ stated in this section to formu- 
late CoroUarv 14.21 to Theorem 14.11 which gives a uniformization theorem for N=l 
superanalytic DeWitt super-Riemann surfaces. The main reason for pursuing this 
directions is to compare our results to previous results on N=l supermanifolds in 
the ringed-space theory as studied in, for instance, [Mlj and [M2] . 

Although we follow |DRS| , there are discrepancies between some of our formulas 
and those given in |DRS| . For instance, there is a typo in |DRS| in the transfor- 
mation from the nonhomogeneous coordinate system [z, 0i, ^2) to the homogeneous 
coordinate system (z, 6*+, 6'~); this typo is a factor of 1/2 erroneously introduced 
into the superderivations after the transformation of coordinates, and this fac- 
tor is carried throughout their calculations. 

Let Ub be an open set in C. Let iSC*>i(2, [/b) be the set of invertible N=2 
superconformal functions defined on the DeWitt open set J7b x ((A»>i)s® (A*>i)^) 
in A*>i ®(Ai>i)^- Let 5^*>i(1,C/b) be the set of invertible N=l superanalytic 
functions H defined on the DeWitt open set Ub x (A*>i)s A*>i such that the 
coefficients of the functions defining H are restricted to lie in A*-2 rather than just 
in A*-i; that is in (|2.4p . we take (fe) G J*_2 rather than (fc) G J*_i. 

Define the map 

(3.1) Ti:SC,>i{2,Ub) SA,>i{1,Ub) 

H ^ Ti{H) 

as follows: For H e 5C*>i(2, C/s), then in particular H{z,6^ ,6^) — {z,9~^,9~) is 
of the form (|2.27|) - (|2.29|) for even functions / and and odd functions ip^ . Define 

(3.2) .Fi(i/)(z, 6) - (/(z) + ^+{z)i^-{z) + 20g+(z)^-(z), ^+(z) + %+(z)) 

This invertible N—l superanalytic function !Fi{H) can be thought of as arising 
from performing the N=2 superanalytic coordinate transformation 



(3.3) (z, e+, 9-) ^ (u, r/, a) = {z + 9+e-, 6+, Q-). 

Under this transformation, we obtain the N=2 superanalytic function in the even 
variable u and the two odd variables 77 and a given by 

(3.4) u = f{u) + il:+{u)il:-{u) + 2rig+[u)i^-{u) 

(3.5) f] — (u) + rjg^ (u) 

(3.6) a — ip^ (u) + ag^ (u) — 2ria{tlj^y (u). 
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Conversely, define the map 

(3.7) ^2 :5A>i(l,f/B) 5C,>i(2,C/b) 

H ^ T2{H) 

as follows: For H e 5A>i(1,C/b), then H{z,6) = (/i(z) + ei{z), ^{z) + eg{z)) 
for even functions fi{z) and (^(z) and odd functions ^(z) and '4^{z)^ and with 
nonvanishing. Define T2{H){z, 6*+, 0") = (z, to be of the form (l2:27ll - (12^81) 

where 

(3.8) m ^ A(.)-^(^)^(^) 



f[{z) Vy(z)g(z) 
.9(2) 5(^)^ 



(3.9) 5+(z) = g(z), and ^-(z) 

(3.10) ^+(z) = i^(z), and ^"(z) - 

^5(^) 

One can easily check that condition (|2.29p is satisfied, and thus ^2{H) is indeed 
N=2 superconformal. 

We have that and are bijections and 

(3.11) TxoT2^ idsA^^^ixjJn) and ^20^1^ «dsc.>i(2.c/B)- 

Let iSC7W,>i(2) be the category of N=2 superconformal DeWitt super-Riemann 
surfaces over the Grassmann algebra A*>ii and let 5^A^*>i(l) be the category of 
N=l superanalytic DeWitt super-Riemann surfaces M over the Grassmann algebra 
such that the transition functions for M are in SA*yi{\, Ub) for some Ub G 

C. 

Define the functor 

(3.12) T : SCM.,>i{2) — > SAM.,>i{l) 

M ^ T{M) 

as follows: Let M be an N=2 superconformal DeWitt super-Riemann surface over 
the Grassmann algebra A*>i with coordinate atlas {{Ua,^a)}a£A- Let !F{M) be 
the N=l superanalytic DeWitt super-Riemann surface with body Mb obtained by 
patching together DeWitt open domains in A*>i with local coordinates (z,6') by 
means of the transition functions Ti{^a ° ^Jj^) ■ i^/siUa n Ufj))B x (A*>i)s — * 

(f)„(c/„nf/0))Bx(A,>i)s. 

From (|3.1ip . it follows that T is an isomorphism of categories. Thus we have 
the following proposition: 

Proposition 3.1. The category 5CA^*>i(2) of N—2 superconformal DeWitt super- 
Riemann surfaces over the Grassmann algebra A*>i isomorphic to the category 
5AM*>i(l) of N=l superanalytic DeWitt super-Riemann surfaces such that the 
coefficients of the coordinate transition functions are restricted to lie in A*-2- 

Remark 3.2. In N=2 superconformal field theory, the supermanifolds that arise 
from superstrings propagating through space time, are N=2 superconformal DeWitt 
super-Riemann surfaces with half-infinite tubes attached. These half-infinite tubes 
are N=2 superconformally equivalent to punctures on the N=2 superconformal De- 
Witt super-Riemann surface with N=2 superconformal local coordinates vanishing 
at the punctures. Although, there is a bijection between N=2 superconformal local 
coordinates in a neighborhood of a given point on an N=2 superconformal DeWitt 
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super- Riemann surface M and the N=l superanalytic local coordinates in a neigh- 
borhood of the corresponding point on !F{M), a bijective correspondence does not 
exist between such N=2 superconformal local coordinates vanishing at the point 
p € M and N=l superanalytic local coordinates vanishing at the corresponding 
point in T{M). For example, the N=l superanalytic function H{z, 6) — {z + 9, 9) 
vanishes at the origin (0, 0) of the N=l superplane A*>i- However the correspond- 
ing N=2 superconformal function J^i{H){z,9+ ,9') = + \9+ ,9+ , \ + 9') does 

not vanish at the corresponding point in ■?^^^(A*>i) — A*>i ®(A!>i)^; that point 
being the origin. Thus one cannot simply replace N=2 superconformal worldsheets 
swept out by propagating superstrings by N=l superanalytic worldsheets when the 
full data of the propagating strings is included. One must either work in the N=2 
superconformal setting, or take into account the discrepancies that arise by using 
the N=l superanalytic setting when modeling the incoming and outgoing tubes for 
the superstrings. See, for example, [B9| for further discussion of this fact. 



4. A GENERAL UNIFORMIZATION THEOREM FOR N = 2 SUPERCONFORMAL AND 
N=l SUPERANALYTIC DeWiTT SUPER- ReIMANN SURFACES 

We now prove the main theorem of this paper: 

Theorem 4.1. Every N^2 superconformal DeWitt super- Riemann surface M with 
body Mb is N—2 superconformally equivalent to a TL^,yi{'2,)-supermanifold if and 
only if the first Cech cohomology group of Mg with coefficients in the sheaf of 
holomorphic vector fields over Mb is trivial, i.e., H^{Mb,TMb) = 0. 

In particular, if H^(Mb,TMb) = 0, than any N=2 superconformal DeWitt su- 
permanifold M with body Mb is N=2 superconformally equivalent to a supermani- 
fold with transition functions of the form 

(4.1) H{z,9+,9-)^{f{z), 9+g+{z), 9-g-{z)) 

for g^{z) even superanalytic {l,0)-superf unctions in z, and f{zB) complex analytic 
in zb, satisfying the condition 

(4.2) nz) = g+iz)g-{z). 

Proof. We follow the spirit of the proof of the uniformization theorem in the 
N=l superconformal genus-zero case given by Crane and Rabin in [CRj . Let 
M be an N=2 superconformal DeWitt super-Riemann surface with coordinate 
atlas {{Ua,^a)}aeA- For any a,f] e A with Ua Ci Up ^ 0, we have transi- 
tion function Hap — fla o fl^^ : Qp{Ua H Up) — > ^aiUa n Up). We will write 
Hap{z, 9^ ,9^) = {zap, 9'^p, 9'^p) and denote the three even superfunctions in z and 
two odd superfunctions in z that uniquely determine Hap according to (|2.27p - (|2.29p 
by fap, g^p and V^^, respectively. 

On each triple intersection Ua Ci Up Ci U^ ^ 0, for a, /3, 7 £ A, we have the con- 
sistency condition Hay — Hap ° Hp^, which when expanded in terms of component 
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functions give the conditions 

(4.3) fajiz) = fafsifpiiz)) + glp{fM{z))'>i}p^{z)^p~p{fs}^{z)) - 5^/3 (//37 (^) ) 

(4.5) g%{z) = g%{ffi^{z))9%{z) + {fp^{z))9%{z)i:J^{z) 

- {9%)' Up, {z))g% (z)^±^ {z)i^J,{z). 

We will use the equations above to first show that, in general, there exist N=2 
superconformal changes of coordinates in each coordinate chart that give a new 
atlas for which the terms in the coordinate transition functions are equal to 
zero for aU a, (3 e A li and only if H^{Mb,TMb) = 0. Then we wiU show that 
similarly, we can in general set the soul part of the fap terms equal to zero if and 
only if H^{Mb,TMb) = 0. 

We first expand each ■0^^ into its component functions, writing 

(4.6) €p(^)^ E (€;3)a)W0i02---G.„+,- 

We will show by induction on n G N, that by N=2 superconformal change of 
coordinates in each chart, we can set any nonzero {'<P^p)(j) equal to zero for (j) = 

(ji, J2, • • ■ , j2«+i) e Jl-2 if and only if H^{Mb,TMb) = 0. Let denote the even 
coordinate on flaiUa) for a £ A. 

For n = 1, letting (j) = (ji) e J^_2 h ^ {1; • • • ; * ^ 2}, the equations (|4.4p 
reduce to 

By the N=2 superconformal condition (|2.29p . we have 

(4-8) (/a/3)(0)(2f0)) = (5a/3)(0)(^f0))(5a,3)(0)(^f0))- 

Since (/q/3)(0) is a local homeomorphism from an open set in the complex plane 
to an open set in the complex plane, we have that (/a/3)(0) (•2^0-)) is nonzero for all 
zj'gj £ {Up)b, which along with (|4.8p implies that the (5q^)(0) (^^g)) are nonzero for 
all z^^g^ £ (Up)b- Thus we can write 

(4-9) (5a;3)(0)(4)) = 7TT^7Xt(-^"/3)(0)(4))- 

(5a/3)(0)(^(0)) 

Let (7^ each be a section of the holomorphic tangent bundle of Mb (i.e. holo- 
morphic vector fields on Mb) such that on coordinate charts we have 

(4-10) = tT,\ P , (/a/3)(0)(4)y^, 

(5^/3)(0)(^(0)) 

on Ua C) Ui3. Then multiplying equation (|4.7p by these holomorphic vector fields, 
respectively, we have 

(4.11) ct±(V^±^)q-)(z^0^) = ^Ta(V'^;3)0)(4)) +'^^(''^^7)o■)(^(0))■ 

This implies that {c^ i'<Pap) U) \ (ct, (3) £ A x A} are the local representatives of a 
cocycle in the first Cech cohomology group of Mb with coefficients in the sheaf of 
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holomorphic vector fields. Thus these cocycles are, in general, coboundaries if and 
only if this cohomology is trivial. If this cohomology is trivial, there exist elements 
6^.^ in the zeroth cohomology H^{Mb,TMb), i.e. global sections, such that 

(4.12) <^^{€ph) = - (^0))" 

or in other words 

(4-13) i^^f^)u) = iC)mibf^j)^-ibf,-,U. 

For all a ^ A, define the N=2 superconformal transformation iJg^ by faiz") = 
z", gaiz") = 1 and Tp^{z'') — (6Q))a(-2")Cjij where is the ji-th basis ele- 
ment for the underlying Grassmann algebra. That is (0+)", (6*")") = 
is given by 

(4.14) = + 

(4.15) {e^r = (6±))„(z")o, + (e±)"±(e+)"(0-)"((fof,.)).)'(^")G.. 

Redefining the coordinates for the charts {Ua, f^a) and (C//3, flp) by the N=2 super- 
conformal transformations H"^^ and H^^^ , respectively, such that the new coordinate 
charts are {Ua,i^a — H^j^ o fl^) and {Up,Clp — H^^^ o fl/s), we see that the new 
coordinate transformation Hap = i^a ° f^^^ = ^(j) ° ° ° ^^U)'^^^' 

(4.16) (vi±^)(,-) = ii^^,)u)~i9%)mK)^'^ + K)^'^ 

= 0. 

The new atlas {(Ua,^a) \ a A} now has the terms for (j) = (ji) G ■Jl^2 
equal to zero. For this new atlas, we again have the compatibility condition on the 
triple overlaps, and thus the consistency conditions (|4.3p - (|4.5p again hold for the 
components of the new coordinate transformation functions, and we can perform 
the above procedure again for a new ji £ {1, — 2} without changing the 

fact that the previous (fpafs^U) terms have been set equal to zero. Doing this 
repeatedly, we can, in general, set the ii'af3){j) terms equal to zero for (j) — (ji), 
for aU ji = 1, . . . , * - 2 if and only if H^{Mb,TMb) = 0. 

Now we make the inductive assumption: assume coordinate transformations have 
been made such that for the new tp^ terms, the components have been set 

equal to zero for {j) — (ji, j2, ■ • ■ , j2fe+i) G Jl~2^ and for fc = 1, . . . , rt — 1. For this 
new atlas, we again have the compatibility condition on the triple overlaps. Thus 
for the C,j^ • ■ ■ Cj2n+i level of equation ()4.4p applied to Z(0), we have that equation 
(|4.7p applies to these new and thus, so does equation l|4.1ip . Thus again, 

in general, there exist b^-y each in the zeroth cohomology of Mb with coefficients 
in the holomorphic tangent bundle such that equations (|4.12p and (|4.13p hold for 
these terms if and only if H^{Mb,TMb) is trivial. 

For a G A, define the N=2 superconformal transformation i/g^ by /q(z") = z", 

9ai^") = 1 and i/)J(z") = (^('^))a(2;")Cji ' ' ■Cj2n+i- Redefining the coordinates for 
the charts {Ua,fla) by the N=2 superconformal transformations H^^y for a G A, 
it is a straightforward calculation to see that for the new coordinate coordinate 
charts ([/„, JIq = H?'-s o fi^) for a E A the new coordinate transformations Hap = 
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Cla o fl^j^ — iJg^ o ria o Q^j^ o {H^.^) ^, have = 0. Wc perform this 

procedure of redefining the coordinate charts for each (j) = (ji, . . . , j2fe+i) G Jl~2 
with k = n, resulting in at atlas with coordinate transition functions that have 
all the ip^j^ components equal to zero for (j) of length 2n + 1, while keeping the 

transition functions tA^,) for (/) G of length 2fc + 1 for fc < n equal to zero. 

This proves that, in general, there exist N=2 supcrconformal coordinate trans- 
formations which result in an atlas of charts with coordinate transitions functions 
for which the tp^ terms are all zero if and only if H^{Mb,TMb) is trivial; that 
is, every N=:2 supcrconformal DeWItt super-Riemann surface M with body AIb 
is N=2 superconformally equivalent to a 7i*>i(2)-supermanifold if and only if 
HHMb,TMb)^0. 

The remaining nontrivial consistency conditions (|4.3p and (|4.5p for the new co- 
ordinate atlas reduce to 

(4.17) U,(z) = fMfp^iz)) 

(4.18) gi^iz) = 9%{Mz))g^^{z). 

We now expand the faf3 terms into component functions, writing 

(4.19) Uiiiz)^ (/"/3)a)(^)0i02 •••02„. 

For the n ~ terms, i.e., the (0) e J°_2 terms, equation (I4.17P becomes 

(4.20) (/a7)(0)(^('0)) = (/a/3)(0)((//37)(0)(^('0))) = (/a/?) (0) (^fg) ) > 

which is just the usual cocycle condition on the Riemann surface Mb- 

We will show by induction on n e N that we can, in general, set the soul 
components of these / terms equal to zero if and only if H^{Mb,TMb) — 0. For 
71 = 1, let (j) = (ji, ^2) € J°_2- The consistency equation ()4.17|) implies 

(4.21) (/a7)(j)(^('0)) = (/a/3)a)(^f0)) + (/a/?) (0) (^fg) ) (//St) (j) (^(0) ) • 

Let cr be a section of the holomorphic tangent bundle such that on coordinate 
charts we have 

(4.22) '^/3 = (/a;3)'(0)(4))fTo. 

Multiplying equation (|4.2ip by this vector field, we have 

(4.23) Cra(/Q7)(»)(^(0)) = C'Q(/a/3)(i)(^f0)) +^/3(//37)(»)(^(0))- 

This implies that {cra{fai3){j} \ {a, P) £ A x A} are the local representatives of a 
cocycle in H^{Mb,TMb)- In general, these cocycles are coboundaries if and only 
if this cohomology group is trivial; in which case, there exists elements 6(-,) in the 
zeroth cohomology group of Mb , such that 

(4.24) Oa{fa(3)(j) = Cr/3(6(j))/3 " Cra{h(j))a, 

i.e., 

(4.25) Uafl)(j) = {faf3)\(I)){b(j))l3 " {b(j))a- 

For a £ A^ define the N=2 supcrconformal transformation _ffgj by fa(z") = 
+ (60-))a(^")0i0., giiz") - ifaYiz"), 5-(z") = 1 and V^(^") = 0. That 
is H^Jz",i9+rA0-r) = + (6a))o(^")OiO.,^+(l + ibu))Uz"KnU,0-). 
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Redefining the coordinates for the charts {Ua,^a) by the N=2 superconformal 
transformations for a £ A, such that the new coordinate charts are ^la = 
° ^a)i we have that the new coordinate transformations Hap = ° ^^^^ — 
i/gj o rj„ o rj-i o {H^j-^y^ for a, /3 e A, have 

(4.26) (/a/3)a) = (/a/3)(j) - (/a/3)(0)(^'(j))/3 + = 

(4.27) ^P^p = 0. 

The new atlas {{Ua, ^a) \ ct £ A} now has the /q) terms for (j) — (ji, j2) G J*~2 
equal to zero and the V'^ terms equal to zero. For this new atlas, we again have 
the compatibility condition on the triple overlaps, and thus the consistency condi- 
tion (j4.17[) again holds on the components of the new coordinate transformation 
functions. Therefore, we can perform the above procedure again for a different 
(j) = Ui^h) G J*-2 without changing the fact that the previous {fap)(j) terms have 
been set equal to zero. Doing this repeatedly, we can, in general, set the {faf3){j) 
terms equal to zero for all {j) = (ji,j2) G J*^2 ^^"^ only if H^{Mb,TMb) — 0. 

Now we make the inductive assumption: assume coordinate transformations have 
been made such that for the new / terms, the components {faf3)(j) have been set 
equal to zero for (j) = {ji,j2, ■ ■ ■ ,j2k) G J*-2j f'^'' k — 1, . . . ,n ~ 1. For this new 
atlas, we again have the compatibility condition on the triple overlaps. Thus for 
the ■ ■ ■ Cj2„ level of equation (|4.17p applied to 0(0) , we have that equation (|4.22|) 
applies to these new f(j)'s, and thus, so does equation (|4.23p . Thus, in general, 
there exists in the zeroth cohomology of Mb such that equations (I4.24p and 
(|4:25| hold for these terms if and only if H\Mb,TMb) = 0. 

For a £ A, define the N=2 superconformal transformation by /^(z") = z" + 

(6(,))„(z")0, • • •0,„, 9+{z") = fai^"), 5a (2") = 1, and ^P^{z'-) = 0. Redefining 
the coordinates for the charts (C/q, fla) by the N=2 superconformal transformations 
iJgj, for q; G ^, it is a straightforward calculation to see that the new coordinate 

transformations have {fai3)(j) = 0, for a, (3 £ A. In general, we can perform this 
procedure of redefining the coordinate charts for each (j) — (ji, . . . , j2n) S J*-2^ 
resulting in an atlas with coordinate transition functions that have all the /q) 
components equal to zero for (j) of length 2n, in addition to the /(y) terms for 
(/) £ J°_2 of length 2k for < fc < n equal to zero, and the terms equal to 
zero if and only if H^{Mb,TMb) = 0. 

This proves that, in general, there exist N=2 superconformal coordinate trans- 
formations which result in an atlas of charts for M with coordinate transitions 
functions for which the soul portion of the / terms and the terms are all zero 
if and only if {Mb , TMb) = 0. □ 

Using Proposition 13.11 we immediately obtain from Theorem 15.81 a uniformiza- 
tion result for N=l superanalytic DeWitt super- Riemann surfaces over with 
body Mb and coordinate transition functions with coefficients restricted to /\^„2- 
Namely we have that the uniformization of such a C/*>i(l)-supermanifold to an 
'^*>i(l)-supermanifold is dependent on H^{Mb,TMb)- However, analyzing the 
compatibility conditions for coordinate transformations on triple overlaps for any 
N=l superanalytic DeWitt super-Riemann surfaces over A*>i with body Afs, that 
is where the coordinate transition functions have coefficients restricted to A*-i' 
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rather than restricted to A*-2' ^'^^ A* ~ Al' the conditions on the 

k levels for fc < L — 1 are exactly the same as for the k levels with the restricted 
coefficients, and that the L — 1 level gives the same cocycle property as that for 
the lower levels. Thus we can extend our uniformization result to general N=l 
superanalytic DeWitt super-Riemann surfaces over A*>o- That is we have: 

Corollary 4.2. Every N=l superanalytic DeWitt super-Riemann surface over A^>o 
with body Mg is N=l superanalytically equivalent to an 'H^,^o(l)-supermanifold if 
and only if the first Cech cohomology group of Mb with coefficients in the sheaf of 
holomorphic vector fields over Mb is trivial, i.e., H^{Mb,TMb) = 0. 

In particular, if H^{Mb, TMb) = 0, than any N=l superanalytic DeWitt super- 
manifold M with body Mb is N—1 superanalytically equivalent to a supermanifold 
with transition functions of the form 

(4.28) Hiz,e)^ifiz), egiz)) 

where f{zB) is complex analytic in zb, and g{z) is an even superanalytic (1,0)- 
superfunction in z. 

Remark 4.3. Although from Proposition l3.1[ we know that the N=2 superconfor- 
mal and N=l superanalytic settings are essentially equivalent, it is easier to prove 
our uniformization theorem. Theorem 14.11 first for N=2 superconformal DeWitt 
super-Reimann surfaces and then translate our result to N=l superanalytic De- 
Witt super-Reimann surfaces, as we did in Corollary 14.21 The reason for this is 
that the coordinate transformation compatibility conditions on triple overlaps in the 
homogeneous coordinate setting for N=2 superconformal DeWitt supermanifolds 
clearly gives a cocycle in H^{Mb,TMb), whereas for N=l superanalytic DeWitt 
supermanifolds this clear dependency between cocycles in {Mb, TMb) and the 
coordinate transformation compatibility conditions on triple overlaps is lost. 

4.1. Vector bundles and N=2 superconformal and N—l superanalytic 
DeWitt super-Riemann surfaces. In this section, we assume that M is an N=2 
superconformal DeWitt super-Riemann surface with transition functions restricted 
to be of the form (|4.ip : that is, AI is a ■W*>i(2)-supermanifold. We will now 
define a certain complex vector bundle over Mb which is a substructure of M that 
canonically determines M . We begin by noting that the transition functions Hap 
for M have components fa/3, g^p that are completely determined by their value on 
the body component of the coordinate charts by (j2.ip . In addition, /q;3(z|^P and 
(7^^(z|^j), completely determine gapi^^iti)) by N=2 superconformal condition 

621). 

Thus M, is canonically determined by the Ai>i"bundle over Mb with transi- 
tion functions fap on Mb and transition functions gi^^ for the fiber where here 
we are restricting to the body of M. Viewing A!>i '"^ ^ complex vector 
space of dimension k — 2*^^, we have that this Ai>i"bundle over Mb is a rank k 
holomorphic vector bundle over Mb. There is a bijection from such structures to 
H^{MB,GL{k, C)), and if this cohomology is trivial, there is no obstruction to the 
uniformization of this vector bundle to a globally trivial vector bundle. If however 
this cohomology is nontrivial there is a possible obstruction to the trivialization of 
this vector bundle. We say "possible" obstruction, because it is easy to see that 
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from (14. wc do not have all possible holomorphic GL(fc)-bundles over Mb arising 
as this vector bundle substructure of M . 

We will now analyze the structure group of this holomorphic vector bundle 
in some detail. We first order Jlyi as follows: for € let (j) = 

(ji, J2, ■■■Jm) > W) = ■ ■ ■ d'rn') if ™ > "^' for TO and to' odd integers. If 

TO = m', let (j) = {jlj2, ■ ■ -JlJl + l, ■■■,im) > if) = {j'lJ'2, ■ ■ -J'lJ'l + l, ■ ■ -J'm) 

if jp = for p = 1, . . . , I, and > j'l^i- This gives an ordering for the basis 

{Cji ■ • • Cj,„ I (j) = (jii • • ■ I jm) G J*>i} of A!>i ^ vector space of dimension k 
over C. 

For z^^^^ e {Ui3)b ^ C, we have ^^^(^^[g)) G (A*-2)^' ^"^"^ '^^ '^^'^ ^^"^ ^^'^ natural 
multiplication in A*>i by gtpiz^ijt)) on A!>i to define the map 5+^(2^0)) : Ai>i — ' 

AI>i, S+ ^ 9lfjiz^i,)W^ = ^^9af3i^{iii))- By viewing Ai>i as a fc-dimensional 
complex vector space, then this multiplication map is a vector space isomorphism; 
that is, for 0+ e AI>ii the multiplication 3^/3 (•^fa))^''' gives a linear transformation 
from A!>i = '^'^ to itself which has nonzero determinant. And in this way we can 
identify g+^(zf0)) eGL(fc,C). 

It is easy to see that the matrices X £ GL{k, C) obtained as structure matrices 
have the form X = elk + Xi where Ik is the identity matrix, c € C^, and Xi is 
strictly lower triangular. In addition, the entry in Xi corresponding to for 
(/) e Jly^ is nonzero in general only if writing (j) = (ji, . . . , j„) and (j') = 
01, ■ • • , J™') we have . . . J'^,} C {ji, . . . , j^} and *, * - 1 ^ {ji, . . . , j™} \ 
{j'l: ■ ■ ■ ifm'}- the group of all such matrices be denoted by Gk- In fact Gk 
is an abelian subgroup of GL{k,C), since in fact gafsi^^i/j)) and g^gi^fii)) are also 

elements of (A*-2)^ and thus commute. 
Thus, we have the following lemma: 

Lemma 4.4. Let M be an N=2 superconformal (resp., N=l superanalytie) DeWitt 
super- Riemann surfaee with eoordinate transition functions satisfying J^.Jp (resp., 
^.28^ ). There is a one-to-one correspondence between the set of N=2 superconfor- 
mal (resp., N—1 superanalytie) equivalence classes of such surfaces and conformal 
equivalence classes of holomorphic Gk-bundles over Mb- 



5. UNIFORMIZATION FOR SIMPLY CONNECTED N = 2 SUPERCONFORMAL AND 
N = l SUPERANALYTIC DeWiTT SUPER- RiEMANN SURFACES 

5.1. A family of inequivalent N=2 superconformal structures over the 
Riemann sphere. Let Q be the set of functions g : (A*>i)^ ~^ (A*>i)^i ^ 
g{z), such that g is superanalytie for z £ (A*>i)^- That is, g is an even superan- 
alytie function in z such that gi^j-^{zi^i(i-^) for [j) G J^_2 i^ complex analytic for all 
2(0) G and 17^^ is nonvanishing on . Note that Q is a, group under point-wise 
multiplication. 

For g £ Q, define the N=2 superconformal map 



(5.1) h:{Kl>,r®{N\>i? — (A°>i)^©(A!>ir 



zg{z)' 
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Define S'^C{g), for g e Q, to be the genus zero N=2 superconformal super- 
Riemann surface over A*>i with N=2 superconformal structure given by the cov- 
ering of local coordinate neighborhoods {Ua^, Ur^} and the local coordinate maps 

(5.2) A,:Ua, ^ A°>i®(A!>ir 

(5.3) TgiC/x, A°>i©(A!>i)', 

which are homeomorphisms of C/a^ and t/x, onto A*>i ®(AI>i)^i respectively, 
such that 

(5.4) A,oT^-1:(A°>i)x©(A!>i)' — (A!>i)^ ® (A!>i)' 

{z,e+,e-) ^ ig{z,e+,e-). 

Thus the body of S'^'C{g) is the Riemann sphere, i.e., {S'^C{g))B = C = C U {oo}. 

The group of N=2 superconformal automorphisms from the N=2 superconformal 
plane S'^C to itself that preserve the even coordinate is comprised of transformations 

(5.5) T:S^C — > S^C 



{z,e+,e-) ^ z, e+e+{z) 



where s~^{z) is an even superanalytic function defined for all z £ A*>i such that 
e^^(z(0)) is nonzero for all Z(0) e C. The set of all such N=2 superconformal 
automorphisms of the N=2 superplane that have even component z is a proper 
subgroup of the the group of N=2 superconformal automorphisms of the N=2 
superplane, and in fact, is an abelian subgroup. 

Let £° be the set of even superanalytic functions e+ : A*>i ^ (A*>i)^. That 
is £jg-j(z(0)) ^ for all Z(0) G C. Then this set £^ is a group under point- wise 
multiplication of functions and is isomorphic to the group of transformations of the 
form (|5.5p . If we restrict the domain of elements of to (A*>i)^i we see that 
is a subgroup of Q. And since Q is in fact abelian, it is a normal subgroup. 
Let £°° be the subgroup of Q given by the set of functions {e+(l/z) : (A*>i)^ ^ 
iK>ir I e+(2) e Let £ = £°£°°. Then £ is a proper normal subgroup of Q. 

Lemma 5.1. Let g,h £ G- If h(z) = g{z)e{z) for some e £ £, then S'^C{g) is N=2 
superconformally equivalent to S'^C{h). 

Proof. The automorphisms of the N=2 superconformal plane S'^C that preserve 
the even coordinate are of the form Tg+{z,9^ ,9^) = (z, 6'+£+(z), 0^/£+(z)) for 
€ £^ < £. Any e £ £ = £^£°° can be expressed as e{z) = £°(z)e°°(z) for 
s° e £° and e°° e 

Let I^{z) = 1/z. The inverse of £° in given by l/e°(z) = o e'''{z), is in £° 
and the function £°°(l/z) = e°° o /°(z) is also in Thus changing coordinates 
in the chart (C/Tg,Tg) of S'^'C{g) by T/Oq^o and changing coordinates in the chart 
(C/Ag, Ag) of S'^'C(g) by T^^oi", the new change of coordinates from (?7Tg,7/0o£0 o 
Tg) to (C/AgjTe-o/o o Ag) is given by 

\z z zg{z)e(z)^ 

(5.7) = hiz,e+,9-). 

The result follows. □ 
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Lemma 5.2. Let z be an even variable in A*>i- have Q/£ = {z^£ | n G Z} = 
Z. That is, the group of even superanalytic functions from (A*>i)^ (A*>i)^ 
under point-wise multiplication modulo the subgroup of even superanalytic functions 
which extend to A*>i ^^^^ (A*>i)^ '■^ isomorphic to the group of integers under 
addition. In other words, the sequence 

(5.8) — >Z — y g ^ £ — > I 



is an exact sequence of abelian groups, where exp denotes the exponential function. 

Proof. If G £'^, then e^{z) — ex.p(f{z)) for f{z) an even superanalytic function 
defined for all z e A*>i- Thus if £ G f = £°£°°, then e{z) = exp(/i(z) + /2(l/z)) 
where fj{z), for j = 1, 2, are even superanalytic functions defined for all z G A*>i- 
For g € G \£, we have that either g{z) can be continued to z — zb + zs — + zs G 
{0} X (A*>i)s ^'^d has a zero of order n for some n G Z_|_, in which case z^"g{z) G £, 
or g{l/z) can be continued to z G {0} x (A*>i)s ^-nd has a zero of order n for some 
n G Z_(_, and thus z^"-g{l/z) G In the former case, g{z) G and in the latter 
case, (?(l/z) G implying that g{z) G z^"£. □ 

Remark 5.3. It is interesting to note that £ does in general contain polynomials, 
which would not be the case if we were working with coefficients in C rather than 
in A*>i- For instance 1 + az G £ if and only if as = 0, i.e., a G {0} x (A*>i)s- 
That is, the failure of polynomials to factor over A*>i ^ direct consequence of 
the degree to which elements in A*>i f^i^ to be invertible. 

Remark 5.4. Lemmas 15.11 and 15.21 implv that each S'^C{g), for g G G, is N=2 

superconformally equivalent to S'^C(z") for some n G Z. 

Remark 5.5. In Lemma ESI below, we will show that the converse of Lemma [STT] is 
also true. We can already see evidence of this by noting that, in particular, we have 
the following rather interesting inequivalent N=2 super-Riemann spheres: S'^C(z) 
which is a globally trivial fiber bundle in the first fcrmionic (i.e., odd) component 
of the soul fiber but not in the second; S'^C(l/z) which is a globally trivial fiber 
bundle in the second fermionic (i.e., odd) component of the soul fiber but not in the 
first; and S'^C(l) which is a globally nontrivial fiber bundle in all soul components. 

Let 

(5.9) SLi2, AL2) = i( I J ) I a, ^ c, d G A!-2, ad-bc=l 



and let Gi(l, AL2) = (AL2)' 
For each n G Z, and 



(5.10) a=l c d I g5L(2,A!_2) xGX(l,A°_ 



define 

(5.11) a -n {z, e+,0-) = ( ^1±^ e+e{cz + d)"-\ 6-e-^{cz + d)" 

\cz + a 

for {z,6+,e-) G (A°>ix{-dB/cB} X {M^,)s) X (Ai>i)'. 
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The group SL{2, /\°_^) x GL{1, AL2) acts on S^C{z"-) for n e Z as global N=2 
superconformal transformations as follows: 

For each n E Z, and a G SL{2, A*-2) ^ GL{1, A*-2)' define the map 



-2/ ^ ^-^V^' / 

(5.12) T^'" : (A°>i X ({-ds/cB} X (A°>i)s)) © (A*>i)' 

(A°>i \ ({«b/cb} X (A!>i)5)) © (A!>i)= 

by 

(5.13) r^'"(z, 0+, 0-) = a •„ (z, 0+,e-). 

In addition, define 

(5.14) T^'" : (A°>i X ({-as/bB} x (A!:>i)5)) © (A1>i)' 

(A!>i\({rfB/6B}x(A°>i)s))©(A!>i)' 

by 

(5.15) r^'"(z, 0+, 0-) = (^^^^, ^+e(a + &^)""\ 0"e"'(a + M"""') ; 

that is T;'^"(z,0+,0-) = oT^^" o/,„(z,0+,0-) for (z,0+,0-) e ((A">i)^ \ 

({-aB/Mx(A°>i)5))©(A!>i)'- 

Let {([/a, A), (C/t, T)} be the atlas for S'^Ciz") given by with g(z) = 

z". We define T"^" : S'2C(z") — » 52C(z") by 

A-i o T^^" o A(p) iipeUA\Xi, 
T-ioT^'"oT(p) ifpeJ7T\X2, 

where = A-'{{{-dB/cB} x (A">i)5) © (A!>i)') and X2 = T-i(({-aB/fos} x 
(A*>i)s) © (Ai>i)^)- This defines T"'" for all p e S'2C(z") unless: 

(i) as = and p e T-i(({0} x (A°>i)s) © (A!>i)'); or 

(ii) dB = and p e A-i(({0} x (A°>i)5) © (A!>i)')- 
In case (i), we define 

(5.17) T"^"(p) = A-i ( 1±^^ i9+e{c + dz)"-\ 10- e-\c + dz^-^ , 

\c + dz J 

ioY T{p) = {z,0+,e') ^ {zs,e+,9-). 

In case (ii), we define 

(5.18) T"^"(p) I £i±^, -i6'+e(az + 6)"-\ -i6i-e-i(az + 6)-"-M 

\az + b J 

ioY A{p) = {z,e+,0-) = {zs,0+,e-). 

Note that with this definition, T""'" is uniquely determined by T^'", i.e., by its 
value on A{Ua)- Or equivalently, T"'" is uniquely determined by T^'", i.e., by its 
value on T{Ur). 

The group of transformations determined by this action of SL{2, A*_2) ^ 
A°_2) a subgroup of the group of automorphisms of S'^C(z") for each n e Z. 
In fact it is a proper subgroup, but we do not need this fact here; see |B7| for a 
proof of this fact in the case n = and [B10| for the cases n ^ 0. By Lemma [5.11 
S'L(2, A*_2) X G'L(1, A*_2) also acts via N=2 superconformal automorphisms on 
S'^C{g), for g E Q, in the obvious way. 



^2 



(5.16) r"'"(p) 
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Lemma 5.6. Let g,h eQ. If g£ ^ h£, then S^C{g) and S^C{h) are N=2 super- 
conformally inequivalent. 

Proof. Suppose that S'^C{g) and S'^C{h) are N=2 superconformally equivalent with 
N=2 superconformal equivalence F : S'^C{g) — > 5^C(ft-). By Lemma [O] we can 
assume g{z) = z"* and h{z) — for m,n e Z. By first acting on S'^'C{z") by 
a global N=2 superconformal transformation T"'" for a G SL(2, we can 

assume without loss of generality that F sends the even component of the points 
{0,9~^,9~), {1,9'^,6~) and {oo,9'^ ,6~) to the even points 0, 1, and infinity, respec- 
tively. That is, in terms of the local coordinate charts {(C/a„ , A^), (J7t„ , T™)} and 
{{Ua , A„), (Ur , T„)} for S^Ciz"") and S^Ciz""), respectively, we have F{A-^{0, 
e+,e-)) = A-i(0,p+,p-), F(A-i(l,0+,0-)) = A-Hl,P+,p-), and F(T-i(O,0+, 
9-))^T-\Q,p+,p-). 

Any N=2 superconformal equivalence that fixes these points is equivalent to 
a redefinition of the coordinates in the local coordinate charts (C/T,„,Tf"m) and 
(t^A„, Am) by automorphisms of the two copies of the N=2 superconformal plane 
Tfm(t^Tm) and Am([/A,„) that preserve the even coordinate. 

The automorphisms of the N=2 superconformal plane S'^C that preserve the even 
coordinate are of the form (z, 6I+, g") = {z , 9+ e+ {z) , 9' / e+ {z)) for e+ e 5° < 
Thus changing coordinates in the chart {Ur,j,Tg) of S'^C{g) by for £+ e E'^ 
and changing coordinates in the chart {Ua , Ag) of S'^C{g) by T^- for e~ G the 
new change of coordinates from (?7Tg,TL+ o Tg) to {UAg,T^- ° A^) is given by 

(5.19) T,-oI,oT,iz,9\9 )=^-, ^^^^^^ ' zg(z)s-(l) j='"^"'' ^ 
for 

(5.20) h{z) = g{zf-^. 

e+{z) 

Since £"(2) G i-", we have £~(l/z) e And since l/£"'"(2;) is the inverse of 
£+(z) in £^ , we have that £^(l/z)/£+(z) G £^£°° — £. But this implies = 
h£. ' □ 

Thus as a corollary to Lemmas 15. 1[ 15.21 and 15.61 we have the following theorem: 

Lemma 5.7. There is a bijection between the set of N—2 superconformal equiv- 
alence classes of N—2 super- Riemann spheres in {S'^C{g) \ g G and the set 
C//f = Z. In other words, the quotient group Q/£ classifies the N=2 superconfor- 
mal structures of the form l\5. 2(1 - ^57^ over the Riemann sphere, and the moduli 
space of such N—2 super-Riemann spheres is given by {S'^C(z") | n g Z}. 

5.2. The Uniformization Theorem for simply connected N=2 supercon- 
formal and N=l superanalytic super-Riemann surfaces. 

Theorem 5.8. Any N=2 superconformal DeWitt super-Riemann surface with sim- 
ply connected noncompact body is N=2 superconformally equivalent to the N=2 su- 
per plane S'^C or the N—2 super upper half-plane S'^H. Any N=2 superconformal 
DeWitt super-Riemann surface with genus-zero, simply connected compact body is 
N=2 superconformally equivalent to one of the unique N=2 superconformal struc- 
tures over the Riemann sphere {^^^(z") | n e Z}, where S'^C(z") is given explicitly 
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by the covering of local coordinate neighborhoods {J7a„,?7t„} and the local coordi- 
nate maps 

(5.21) A„:[/a„ A!>i©(A!>i)' 

(5.22) T„:C/t„ A!>i © (A!>i)', 

which are homeomorphisms of U/^^ and [/x„ onto A*>i ®(Ai>i)^; respectively, 
such that 

(5.23) A.oT,-;':(A;^,)=<e(A:,,)= — . {K^,r<s{M>if 

\ z z z 

/n particular, the moduli space of simply connected N=2 superconformal DeWitt 
super-Riemann surfaces under N—2 superconformal equivalence is isomorphic to 
the moduli space of simply connected N—2 superconformal C^-^i{2)-supermanif olds 
under N=2 superconformal equivalence. 

Proof. Since Mb is simply connected, we have that H^{Mb,TMb) = 0. Thus by 
Theorem 14. 11 M is given by a coordinate atlas with coordinate transition functions 
of the form (|4.ip . By the uniformization theorem for Riemann surfaces, we know 
that Mb is conformally equivalent to C, H or C. This implies that for the body 
there exist coordinate redefinitions f^^^ : (ilQ)(0) ((?7q)b) — > C for a E A such that 
the new atlas under these coordinate transformations is equivalent to the standard 
coordinate atlas for C, H, or C. 

It remains to show that there exist N=2 superconformal coordinate redefinitions 
that uniformize the body of M. Furthermore, we must show that we can further 
reduce, under N=2 superconformal transformations, the coordinate atlas on M to 
be of the form (|5.2p - ||5.4p for the compact case, and to be the usual coordinate 
atlases on C and EI with trivial transition fimctions in the soul directions in the 
noncompact case. 

Letting f"^^^ : (riQ)(0) (([/c()b) — > C for a G A be the coordinate redefinitions 

of Mb taking Mb to C, H, or C, let if" : (r!„)(0) ((C/„)b) ^ A! ^(AI? be 
given by H"{z,e+,9-) = {f^^^{z),e+{f^^^y{z),9-), for a e A. Under these N=2 
superconformal coordinate redefinitions, we see that M is N=2 superconformally 
equivalent to an N=2 super-Riemann surface whose body is C, H, or C, respectively, 
and with atlas {{Ua, ^a) \ oi G A\ with transition functions given by 

(5.24) i?„^(z, r ) = o ^-\z, e+,e-) = ((/„/3)(0)(z), e+gtp{z), e-g~p{z)) 

for a,P £ A, and where each {fai3){^){z) is given by z in the case of Mb = C and 
Mb — H, or by z or z~^ in the case of Mb — C, and where the g^^ satisfy the 
cocycle condition 

(5.25) 9^''') = 9U'^)9U^^l 

on the coordinate atlas {{Ua, fla)}aeA, for all a,P,-f £ A with Ua C] Up H Uj ^ 0. 
Note that by the superconformal condition (|4.2p the g~p are completely determined 

by glp- 

Define retractible submanifold(s) of Mb, each denoted by Mret, to be Mb itself 
if Mb = C or H, to be C \ {oo} or U {oo} if Mb = C. Writing the g^^ for 
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a, f3 G A in component form 

(5.26) E (3^/3)a)OiOvO.„, 

we note that the cocycle condition ()5.25p at the zero level reduces to 

(5-27) (5^7)(0)(^(0)) = (5a/3)(0)(^f0))(5/37)(0)(^('0))' 

on the body of Mb- On Mret ^ Mb, this cohomology is trivial; that is, there 
exists a global section which gives a trivialization of the line bundle associated to 
these transition maps. Let h" : {Ua)B x C — > be the coordinate redefinitions 
which trivialize this line bundle. Let H"f^~^ : ^la{Ua) — > A*>i®(A*>i)^ be given 
by H°'{z,9+,0-) = {z,0+h°'{z),9-{h°'{z))-'^). With these coordinate redefinitions, 
the new coordinate transition functions over any retractible submanifold Mret of 
Mb are of the form (14. ip with g^^ of the form 

(5.28) 9%{z) = l+ E (5o/3)0)0i0.---0.„- 

O)e./°-2^{(0)} 

We will show by induction on n e Z_)- that we can set the soul components of 
these terms equal to zero by N=2 superconformal coordinate redefinitions. For 
n = 1, let (j) = {ji,j2) e J*-2- The consistency equation (|5.25p implies 

(5-29) (5^7)0) (4)) " (.9/37)0) (^(0)) + (•9«/3)o)(4))- 

This implies that (<7^^)(j) is a cocycle in the first Cech cohomology of Mret- Since 
Mret is retractible this cohomology is trivial, and there exists elements /iq) in the 
zeroth cohomology of Mret , such that 

(5-30) (5/37)0) = (f^U))-! - e^O))/?- 

For a €z A, define the N=2 superconformal coordinate transformation by 
= z", = 1 + 5a (^") = 1 - (/iO))a(^")OiO.'and 

V;±(z") = 0. Thatisi7g)(z",(0+)",(0-)") = (z", e+(l+(/i(,))a(^")OiOJ, ^"(1- 
(^(j"))a(z")CjiCj2))- Redefining the coordinates for the charts {Ua, ^a) by the N=2 
superconformal transformations H"jy for a A, such that the new coordinate 

charts are (Ua, — Hq-^ o D,a), we have that the new coordinate transformations 
Hajj = f^Q o fi^""^ = i/gj oVtaO Vfp^ o (H^jj)^^, for a, /3 E A, arc now of the form 
(z,0+5+^(z),0-g-^(z)) with 

(5.31) i~g%)m = 1 

(5.32) (5+^)(,) = (5+^)(^.)_(/i(^.))^ + (/,(^.))„ = 

(5.33) (5-^)(,) - 0. 

For this new atlas of Mret, we again have the compatibility condition on the triple 
overlaps, and thus the consistency condition (|5.29p again holds on the components 
of the new coordinate transformation functions, and we can perform the above 
procedure again for a different {j) = (ji, ^2) G J*-2 without changing the fact that 
the previous (5^^)(j) terms have been set equal to zero. Doing this repeatedly, we 
can set the (ff^^)(^) terms equal to zero for all [j] — (ji, j2) G J*-2- 
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Now we make the inductive assumption: assume coordinate transformations have 
been made such that the for the new terms, the components (<?^^)(j) have been 
set equal to zero for (j) = {ji,j2, ■ ■ ■ ,j2k) G •^*-2' ^^^^ ^ — ^, ■ ■ ■ ,n—l. For this new 
atlas, we again have the compatibility condition on the triple overlaps. Thus for 
the ■ ■ ■ Cj2,, level of equation (|5.25p applied to Z(0) , we have that equation (|5.29p 
applies to these new S^j's- Thus there exists in the zeroth cohomology of Mret 
such that equation (|5.30p holds for these terms. 

For a € A, define the N=2 superconformal transformation H"^-^ by fa{z°') = 

z", 5^(2") = 1 + • • • 5a (^") = 1 - (/^0-))o(2")0i • • • and 

= 0. Redefining the coordinates for the charts {Ua,^a) by the N=2 su- 
perconformal transformations H'^^y for a S A, it is a straightforward calculation to 
see that the new coordinate transformations are of the form (z, 0+(7+(z), 6^ g^{z)) 
with — 1 and g^^j = 0. We perform this procedure of redefining the coordinate 

charts for each {j) = (ji,...,j2n) G J*_2, resulting in at atlas with coordinate 
transition functions that have all the g^-j components of length 2k for k = 1, . . . , n 
equal to zero. By induction, we have that the g^p terms of the transition functions 
on Mret are equal to the constant function 1. 

In the case where Mb = Mret, i-e., Mb = C or M, this proves that M is 
N=2 superconformally equivalent to S'^C or S'^M, respectively. In the case where 
Mret = C \ {0} or C \ {oo}, we obtain an N=2 super- Riemann surface whose body 
is C, and such that M is covered by two coordinate charts (/7a, A) and (J7t,T) 
with coordinate transition function Ao T~^{z,9^ ,9~) = {z~-^,9^g^{z),0~g~{z)), 
for g+ an even superanalytic (1, 0)-superfunction defined and nonzero for all z G 
(A*-2)^' in other words G Q. The condition that the transition functions be 
N=2 superconformal, and thus in particular, satisfy (|2.29p . implies that 

(5.34) 

z^ 

Letting g{z) — —izg~^{z), we have 

(5.35) A o T-\z, e+,e-) = {z-\ ie+g{z)/z, t0- / {zg- (z))) = Ig{z, 0+, 0"). 

Thus M is N=2 superconformally equivalent to S'^C{g) for some g E G- By Lemma 
15.71 the result follows. □ 

It is also easy to see that the classification of genus-zero N=2 superconformal 
DeWitt super-Riemann surfaces up to N=2 superconformal equivalence in fact co- 
incides with the classification of holomorphic line bundles over the underlying Rie- 
mann surface up to holomorphic equivalence. We can see this by observing that 
holomorphic line bundles are classified by H'^{Mb,C^)- For the genus-zero case, 
this cohomology is trivial for Mb noncompact and Z for Mb = C. 

One can see this bijective correspondence between genus-zero N=2 super-Riemann 
surfaces and holomorphic line bundles over Mb — C explicitly, by noting that the 
N=2 super-Riemann sphere S'^C{z"') for n g Z has, as a substructure, the GL{1, C)- 
bundle over C given by the transition function iz^^y^ : — > C^, corresponding 

to the transition function for the first fermionic component of S'^C{z"') restricted to 
the fiber in the first component of 6*+ = ^" ^(2)^^2 + • • • . (Or equivalently, one 

can restrict to the (j)-th component for (j) e J^^i-) Moreover, the GL{1, C)-bundle 
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over C with transition function i^"^^ : > C^, for n G Z, picks out a unique 

S'^C{z"). Under this bijection between equivalence classes of N=2 super- Riemann 
surfaces and equivalence classes of holomorphic line bundles over the body, the N=2 
super-Riemann surface S'^C(z") corresponds to the holomorphic line bundle over 
C of degree —n + 1. In particular, the Uniformization Thcorcm lS.Sl in conjunction 
with Lemma l4.4l can be thought of as proving that there is a canonical isomorphism 
H^{C,Gk) — i?^(C,C^). That is in the genus-zero case, these Gfe-bundles reduce 
to line bundles, and thus we have the following corollary: 

Corollary 5.9. Let Mb be a Riemann surface of genus zero. N=2 superconformal 
De Witt super-Riemann surfaces with body Mb are classified up to N—2 superconfor- 
mal equivalence by holomorphic line bundles over Mb up to conformal equivalence. 

Using Proposition 13.11 and Corollarv l4.2l we have the following corollary to The- 
orem 15.81 and Corollary 15.91 which gives the uniformization for simply connected 
N=l superanalytic DeWitt super-Riemann surfaces: 

Corollary 5.10. Any N~l superanalytic DeWitt super-Riemann surface with sim- 
ply connected noncompact body is N=l superanalytically equivalent to the N=l super 
plane S^C = A*>o '"^ N^l super upper half-plane S'^H. Any N=l superanalytic 
DeWitt super-Riemann surface with genus-zero, simply connected compact body is 
N=l superanalytically equivalent to one of the unique N—1 superanalytic struc- 
tures over the Riemann sphere given explicitly by the covering of local coordinate 
neighborhoods {Ua„,Ut„} and the local coordinate maps A„ : Ua„ — > A*>o '^'^'^ 
T„ : Ut„ — > A*>0' which are homeomorphisms of Ua„ and Ut„ onto A*>o' 
respectively, such that 

(5.36) A„oT-i:Ar>o ^ K>o 




In particular, the moduli space of simply connected N—1 superanalytic DeWitt 
super-Riemann surfaces under N~l superanalytic equivalence is isomorphic to the 
moduli space of simply connected C^-^Q{l)-supermanifolds under N—1 superanalytic 
equivalence, and thus, is isomorphic to the moduli space of holomorphic line bundles 
over a simply connected Riemann surface under holomorphic equivalence. 

6. Uniformization for certain supermanifolds in the genus-one case 

We note that H^{Mb,TMb) = C if Mb is a complex torus. Thus by Theorem 
14.11 there is, in general, an obstruction to uniformizing an N=2 superconformal or 
N=l superanalytic DeWitt supertorus to one with transition functions of the form 
()4.ip . i.e., to a 7i,t>i(2)-supermanifold. However, we can analyze the moduli space 
of genus-one N=:2 superconformal DeWitt super-Riemann surfaces which have coor- 
dinate transition functions that correspond to the trivial cocycle in H^{Mb, TMb). 
In this section, we show that these supertori are classified up to N=2 superconfor- 
mal equivalence, by holomorphic line bundles over the underlying complex torus, 
up to holomorphic equivalence, cf. [M2| . 

6.1. The moduli space of complex tori, automorphisms, and theta func- 
tions. In this section we present some standard facts about complex tori and theta 
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functions, following for example [Brj . [Mirj . [Debj . Throughout this section and this 
section only, z denotes a complex variable rather than an even supervariable. 

Let r € H, and let F-r = TL(BtTL. The group acts on C by translation, and the 
quotient C/Ft- defines a complex torus, also known as an elliptic curve. The moduli 
space (up to conformal equivalence) of complex tori is given by PSL{2, Z)\H, where 
the action of PSL{2, Z) on H is given by 

(") ( :; : 

for a, 5, c, d G Z satisfying ad — be ^ 1. From now on, when we refer to a lattice F^- 
for some r £ H, it is implied that we mean the equivalence class of r in the moduli 
space PSL{2,Z)\m. 

Let LUn be a primitive n-th root of unity for n G Z_(- . The group of automorphisms 
for a complex torus C/F^. are given by translations by elements of F,- along with the 
following groups written multiplicatively and acting on C/Tr via multiplication: 

(i) (W4) = {w^ I 1 < /c < 4} if r = i; 

(ii) (uje) = {t^t I 1 < fc < 6} if T = e^Ws. 

(iii) (0^2) — {1, —1} otherwise. 

Now fix T e H. Let tTt : C — > C/F^ be the canonical projection map. Let 
{{{Ua)B, {^a)B)}aeA bc & Coordinate atlas on C/F^ given by taking Tr~^{{Ua)B) 
to be an open set in C such that ji{n~^ {{1/0)3)) <^ l2{'^r^ ii^a) b)) = for distinct 
71,72 G Ft-. Then the coordinate transition functions for the chart on C/T-r are 
given by translation by elements of the lattice F^. 

A theta function associated to F,-, denoted -dr, is an entire function on C that 
is not identically zero such that for each 7 g F,- there exist constants a^,b~f e C 
satisfying 

(6.2) t?,.(z + 7) = e2"(°-'^+''-')t?,.(z) for all 7 G F^ and z G C. 

The constants {a-y, fo-yj-ygr^ ^re called the type of the theta function i?,-, and are 
equivalently defined as maps 



(6.3) 



F,- — > <C h:Vr — > C 

7 1-^ 71-^6^ 



satisfying 

(6.4) a^j_|_^2 = + a-y^ 

(6.5) ^1+72 = (6-yj + 5-^2 + a^j72) mod Z, 

for all 71 , 72 € Ft- . Thus we can also refer to the type of the theta function as the 
pair of maps (a, b). 

Let {g^ : C — > C^j-ygr^ be a set of holomorphic functions which satisfy the 
condition 

(6.6) 571+72 (^) = 572 {z)9ii + 72) for all 71 , 72 G F^ and z G C. 
Then 

(6.7) gJz) = ^4^^ = e2-('^-'^+^) 

■dr{z) 

for some theta function 'dr of type (a, b). If dr and are of the same type, then 
they define the same function via (|6.7p . 
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Let 8r denote the space of theta functions associated to Ft = Z rZ modulo 
equivalence up to type. Note that Qt is a group under point-wise multiplication. 
A theta function associated to Tr is called trivial if it is of the form 

(6.8) -ffr (z) = 6°^'+''^+'= for some a, 6, c G C. 

These are the theta functions that never vanish, and thus for such a z9t-, we have 
that "driz + ^)/'dr{z) = ^"-^^^"-'^ is a nonvanishing entire function on C. A 
trivial theta function given by (|6.8p is of type {a^,6^}^gr where = —07 and 

Let Tr denote the set of trivial theta functions associated to modulo equiv- 
alence up to type. Then 7^ is in fact a subgroup of Qr- Two theta functions are 
said to be equivalent if their quotient is a trivial theta function. Thus the quotient 
group Qr/Tr is the moduli space of theta functions up to type modulo equivalence 
with respect to the trivial theta functions. This space is often referred to as the 
set of normalized theta functions up to type, and such theta functions are often 
expressed uniquely via a pair consisting of a Hermitian form associated to the Rie- 
mann form of the theta function and a map a : Tt — > U{1^ C); this pair is called 
the Appell- Humbert data of the theta function [Br| . [Deb]. 

6.2. A family of inequivalent N=2 superconformal structures over C/Fr- 

An N=2 superconformal structure over C/F^ is an N=2 superconformal DeWitt 
super-Riemann surface M with body Mb — C/F^-, such that if {((C/q)_b, {i^a)B}a€A 
is the coordinate atlas for C/Tr as given in the previous section, then AI is covered 
by coordinate charts {{Ua,^a)}aeA where ila ■ Ua — > A*>i®(Ai>i)^ maps Ua 
onto {i^a)B{{Ua)B) X (A*>i)s' ® (A*>i)^ Coordinate transition functions 

o Jl^^ are N=2 superconformal for all a, P £ A. 

Remark 6.1. The group of automorphisms of C/F,- extend to M by acting via 
H{z,e+,e-) = {z + "f,e+,e~) on translations, for 7 G F^ and by H{z,0+,e-) = 
(wz, w^"*", for multiplicative automorphisms with uj G C^. 

Definition 6.2. A super-theta function on /\° associated to F^-, denoted, Siir is 
an even superanalytic function S-ffr ■ A* — * A* satisfying 

(6.9) S'i?^(z + 7) = e2"(°^^+''^)S'i?^(z) for aU 7 G F^ and z G A°- 
where 



(6.10) 



a:Tr ^ Al b-.Tr ^ At 

7 I— > a-y J 1-^ b-y 

are even superfunctions on F^- satisfying 
(6.11) 

^71+72 ^71 ~^ ^72 
(6.12) ^71+72 — (671 + + £17172) mod Z, 

for all 7i,72 G F^. The pair of maps (a, 5) on F,. with values in /\^ is called the 
type of the super-theta function. 

A trivial super-theta function on A1 associated to F,- is one whose image lies in 

(Air- 

In ^FrRj . Freund and Rabin introduce a notion of super-theta function. However, 
their notion is different than ours given here, in that they are interested in extending 
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the notion of a classical theta function "driz) to 'dr+esiz) where z is a complex 
variable 9 is an odd super variable and 6 is an odd parameter. Rather, we are 
interested in extending the classical notion of theta function to one whose range is 
in /\^, by extending the maps (z, b) which define the type of the theta function to 
be even functions on the lattice rather than just complex-valued functions on the 
lattice. (Note that in addition, we extend the domain to A*>i; but this is trivially 
done via (|2?T|) ). 

Remark 6.3. Let be a super-theta function on /\1 of type (a, b) as in Definition 
16.21 Writing a and b as 

(6.13) «= XI %)Oi---Cj„ and b ^ ^i)Cji---0„ 

we have from (j6.11|) and (j6.12p that 

(6.14) a7i+72,0) = a7i,(j) +"72:(i) 

(6.15) ^71+72, (j) = +^72,(j) +«7i,(j)'T2)modZ, 

for all 7i,72 G and (j) £ J^. Thus a super-theta function on /\^ of type (a, 6), 
is equivalent to a 2*"i-tuple (6't,(0), 6'^,(i2), 6'r,(i3)> ■ ■ • . ^t,(1234), ■ • • ) where 6'^_(j) for 
(j) G is an ordinary theta function of type (a(j), ^(j))- 

Remark 6.4. Let tt^ : /\^ — > C denote the canonical projection onto the body 
of /\° = (A*)s ® (A*)s- The trivial super-theta functions on A* are exactly those 
super-theta functions such that the theta function {S{}t)b{zb) — t^b ° S-drizs) is 
a trivial theta function. 

Let M be an N=2 superconformal DeWItt super-Riemann surface with Mb = 
C/Tt-. For the remainder of this section, we restrict to the case when the coordinate 
transition functions for AI have their tp^ components and the soul part of their / 
components equal to zero; that is, they are of the form 

(6.16) H^{z,e+,e-) = (z + 7, e+g.Xz). e-{g^[z)r^) 

for 7 € Vr, and thus M is a 7i,>i(2)-supermanifold. Then the compatibility condi- 
tion on triple overlaps imposes the following condition on the transition functions 

(6.17) H^,+-,,[z,e+,e-) 

= (2 + 71+72, 6+g^^{z)g^^{z + y2), ^'^ (572 W.97i + 72))"^), 
which implies that the even superanalytic functions g-yiz) for 7 G F^ must satisfy 

(6.18) .g^i+^2(z) =^^,3(2)3^1(2 + 72) for aU 71,72 G F^ and 2 G A!>r 

Conversely, any family of even superanalytic functions g~^ : A*>i — * (A*>i)^ foi' 
7 G F,- satisfying (|6.18p defines an N=2 superconformal structure on C/F,- in this 
way. 

Lemma 6.5. The solutions to equation W.l^) are given by 

(6.19) ,^(,)^^!M£±^ = e-^('^^^^-^) 

where S-dr is a super-theta function on A*-2 associated to F^- of type (a, b). 
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Proof. Writing in component form, we have 

(6-20) 9jiz)^ (57)a)(2)0iCi2 ■■•Cj2„- 

Restricting to Z(0) G C, this imposes the condition 

(6.21) (g7i+72)(0)(z(0)) = (572)(0)(^(0))(57i)(0)(^(0) +72) for aU 71,72 £ Tr 

on the complex analytic functions (37) (0) : C — > C^. This implies that there is a 
theta function -dr : C — > C associated to Tr such that 

(6.22) (57)(0)(-(0)) = ^4rr^ = e^"K,,«,^,«.+^,,»,) 

where (a^^jgj, fe^^(0))-ygr^ = (a(0),6(0)) is the type of i^r- 

Writing g^{z) = ^'^^^h-,.{z) ^ have that the condition (|6.18p is equivalent to the 
condition 

(6.23) /i-yj+^2(z) — h^^i^) + ^71(2 + 72) for aU 71,72 G F^, 
and expanding in component form, we have that for each (j) G 

(6.24) /i7i+72,(j)(2;(0)) = /i72,O)(2(0)) + /i7i,(j)(z(0) +72) for aU 71,72 G T^. 

Then the fact that any solution to (|6.2ip is of the form (|6.22p . implies that any 
solution to (|6.24p is of the form 

(6.25) /i^^(j)(z(0)) = a^^(j)Z(0) + 6^^(0) 
for some 

(6 26) ■ — ' ^(^'^ ■ ^ — ' 

7 ^ 7 ^ &7,(J) 

maps satisfying 

(6.27) «7l+72,(j) = a7l,(j) + "72,0") 

(6.28) ^71+72,0) = (^1,0) +^72,0") + Si, 0)72) mod Z. 

for aU 71, 72 e r^. Letting a = E(j)e jo_2 aO)Oi ' ' ' Cu and b = E(j)e,7«_^ ^0)0i ' ' ' 
the result follows. □ 

Let S^,Qt denote the set of super-theta functions on A*-2 associated to F,- mod- 
ulo equivalence up to type. This set is a group under point-wise multiplication. Let 
S^^Tr denote the subgroup of S^Qr consisting of the trivial super-theta functions. 

If M is an N=2 superconformal DeWitt super- Riemann surface over /\^>i, with 
body C/Ft and with transition functions of the form (j6.16p . then this structure 
defines a super-theta function over A*-2 associated to F^. which is unique up to 
type. Conversely, given a super-theta function Sdr over A*-2 associated to F^., 
then (|6.16p and (|6.19p define the transition functions for an N=2 superconformal 
DeWitt super-Riemann surface over A*>ii with body C/Ft-. 

Denote by S'^Tr{S-dr) the N=2 superconformal DeWitt super-Riemann surface 
over A*>ii with body C/F,- and with transition functions determined by the super- 
theta function S-dr G S'*6r- That is, the transition functions for S'^Tr{S'dr) are 
given by 
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for 7 e Tr. 

Lemma 6.6. Let Si}i^\s^?^ G S^Br be two super-theta functions on A*-2 
sociated to Tr. If Sdi^\z) = Sd^r\z)Sd'^ [z) for some trivial super-theta func- 
tion S'd'^ G S^Tr, then the N~2 superconformal DeWitt super-Riemann surfaces 
over C/Ft- uniquely determined by S'd'^^ and S'd^T \ respectively, and denoted by 
S'^TriS'S'^T^) and S'^Tr{S'd'^''), respectively, are N—2 superconformally equivalent. 

Proof. If Sdl;^ is a trivial super-theta function, then Sdl;^ G 5°, and we have an auto- 
morphism of the N=2 superconformal plane S'^C that preserves the even coordinate 
given by T(z,6l+, 61- ) = {z,e+ Sd'^{z),e- / S^Hz)). 

The transition functions for the N=2 superconformal DeWitt super-Riemann 
surface S'^Tr[Sd^J'') are given by 6*+, 0^) = {z + -i,e+gi,^\z),6-{gi^\z))-^) 

where g^^^z) = Sdi^\z + -i) / Sd[^\z)., for j = 1,2, respectively. Thus ii S^''r\z) = 
S^'^{z)S^^r\z), then g^^^(z) = g^^\z)Sd'^{z + -^)/Sd^{z), and we have 

(6.30) i/«(z,0+,(?-) = (z + 7,0+5«(z),0-(gW(z))-i) 



S'd'^iz) ' g''^\z)S'dT{z + ^)) 

= T-^ oH!fKT{z,0+,0-). 

Therefore the automorphism of the N=2 superplane T lifts to an N=2 supercon- 
formal bijection from S^T^iSdi^'^) to S^TriSd^r^). □ 

Lemma 6.7. We have that S^Q^ / S^Tt- = Qt-/Tt. That is, the group of super-theta 
functions on A*-2 dissociated to Tr up to type modulo the subgroup of trivial super- 
theta functions is isomorphic to the group of theta functions associated to Tr up to 
type modulo the subgroup of trivial theta functions. 

Proof. Let S^.'dr G S'*0r be of type (a, 6) for functions {a,b) of the form ()6.10p 
satisfying ()6.1ip and (|6.12|) . Let a = as + as and b ^ bs + bs he the body and 
soul decompositions of the functions a and 6, respectively. That is as — t^b ° a and 
as = T^S ° 0,, for ttb ■ A* — * ^^'^ '"'s • A* — * (A*)s the canonical projections 
onto the body and soul, respectively, of A* = (A*)b ® (A*)s7 ^^^d similarly for b. 

From Remark 16.41 we have that the super-theta function of type {as,bs) is 
trivial. Denoting this trivial super-theta function by S'&r ^ we have 

^ ^ S^^{z + j) S-d^iz) 

implying that Sdr/ Sd^ is a theta function. □ 

Lemmas 16.61 and 16.71 implv that any N=2 superconformal supertorus with transi- 
tion functions restricted to be of the form (j6.16p (or equivalently transition functions 
whose -0* and soul / components correspond to the zero cocycle in H [M b ,T M b)) 
is N=2 superconformally equivalent to S'^Tri'dr) for some dr G Qr/Tr- The fol- 
lowing lemma, will allow us to conclude that these are in fact representatives of 
distinct N=2 superconformal equivalence classes. 

Lemma 6.8. Let d'^.p, d'^r"' G Qr be two theta functions associated to Tr up to type. 
Ifd'^r^Tr ^ d^r'^Tr (that is, the ratio of d'^r^ to d'^^ is not a trivial theta function) 
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then the N=2 super- Riemann surfaces over C/F,- uniquely determined by dr and 

i9r^\ respectively, and denoted by S'^Tr{'d^T^) and S'^Tr('(?i^''), respectively, are N=2 
superconformally inequivalent. 

Proof. Let F : S'^Tri'd'^^) — > S'^Tr (i?r^'') be an N=2 superconformal equivalence. 
By Remark 16.11 acting on S^Tri'd^r'^) by global automorphisms, we can assume 
without loss of generality that F restricted to C/Tt is the identity. Thus is a 
transformation from the fiber bundle over C/Tr defined by S^Tr{^^r^ ) to the fiber 
bundle over C/F^ defined by S'^T^- Then to keep the even component of the 
transition functions equal to z + 7 and the components equal to zero, F must 
be of the form F{z,9+,0-) = {z,e+e+{z),0-{e+{z))-'^), for some e+ G £^(13.,%-. 

Moreover, the transition functions for the N=2 super- Riemann surface S^Tri-d^^) 
are given by H^f \z,e+,0-) = {z + j,0+gi,^\z),0- {g^^^'' {z))-^) where ^^^(z) = 
■dr\z + j)/'dr\z), for j = 1, 2, respectively, and F must satisfy 



In the case of Mb a complex torus, the Appell- Humbert Theorem states that 
the holomorphic line bundles over C/Ft are classified by Qr/%-, that is by theta 
functions associated to F,- up to type and equivalence by a trivial theta function 
cf. |Brj . The bijection between equivalence classes of N=2 superconformal DeWitt 
super-Riemann surfaces over a given torus with coordinate transition functions of 
the form (|6.16p and equivalence classes of holomorphic line bundles over this torus 
is given explicitly, for instance, by restricting to one of the (j)-th components, for 
(j) S •/i>i, of the first fermionic component, i.e., the 0~^ term, as we did in Section 
14.11 Thus Lemma [6.71 implies that the G^-bundle giving the N=2 superconformal 
structure for any S'^Tt-(S'i?t-) reduces to a line bundle. Using this fact. Lemmas |6.6[ 
16.71 and 16.81 we have the following theorem: 

Theorem 6.9. The N=2 superconformal equivalence classes of N=2 superconfor- 
mal DeWitt super-Riemann surfaces with body C/Tr, and which are also 7i*>i(2)- 
supermanifolds, i.e., which have coordinate transition functions of the form 116. 16\) . 
are in one-to-one correspondence with theta functions associated to Tr of a given 
type up to equivalence by the trivial theta functions. That is, these N=2 supercon- 
formal super-Riemann surfaces are classified up to N=2 superconformal equivalence 
by Qr/Tr — {5'^Tt-(i?t-) I i?T- € Qt/%-}, or equivalently by holomorphic line bundles 
over C/Ft- up to holomorphic equivalence. 

Similarly, N—1 superanalytic DeWitt super-Riemann surfaces with body C/F^ 
and which are also T-Li,^Q(\)-supermanifolds, are in one-to-one correspondence with 
theta functions associated to of a given type up to equivalence by the trivial theta 
functions. That is, these N—1 superanalytic super-Riemann surfaces are classified 



(6.32) 



6+,0-) = o „ p^^^ 6+,6-), 



(6.33) (z + 7,0+4^H^),^?-(.g«(^))-^) 




Thus e+ £ Tr, and d^r\z)Tr = d^r\z)%. 



□ 
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up to N~l superanalytic equivalence by holomorphic line bundles over C/Ft up to 
holomorphic equivalence. 

7. The nonhomogeneous N=2 superconformal coordinates and an 
interpretation of uniformization in terms of loop groups 

In this section, we transfer some of our results to the nonhomogeneous N=2 
supercoordinates, and give an interpretation of the Uniformization Theorems 15.81 
and 16.91 in terms of GL{1) loop groups over A*>i- 

7.1. N=2 superconformal structures over C and over C/Tr in nonhomoge- 
neous coordinates. In the nonhomogeneous coordinate system, the uniformized 
N=2 superconformal superspheres S'^C{z"), for n e Z, are given by the covering of 
local coordinate neighborhoods {Ua„, C^t„} and the local coordinate maps A„ and 
T„ which are homeomorphisms of Ua„ and Ut„ onto A*>i ®(Ai>i)^) respectively, 
such that A„ o T-i : (A°>i)>< ® (Ai>i)' — (A°>i)" ® (A!>i)' is given by 

(7.1) A„ o T-i(z, 01, 02) = J {z" + Z-) - ^ - ^-") , 

-.-") + §(z" + z-"))- 

For an N=2 superconformal super- Riemann surface with body C/F^ and with 
transition functions in the homogeneous coordinate system given by H^[z, ,9~) — 
{z + -f,e+g^{z), e-{g^{z))-^) for g^{z) = e^'^^K^+hT) = d^{z + -f)/driz) with 
t?^ G Q^/Tt, we have that in the nonhomogeneous coordinate system the transition 
functions are of the form 



2z 



(7.2) H^{z, 61,62 



I \ 162 f , . 1 



z + -7r\ g-riz) + ——- + ^ g-riz) - 



-161 ( , ^ \ \ 62 ( , ^ 1 



gi{z)) 2 V .97 (^). 

= (z + 7, 01 cosh(27ri(a-,.z + 6^)) + i02 sinh(27ri(a^z + 6^)), 
i0i sinh(27ri(a^z + 6-^)) + 02 cosh(27ri(a-yZ + fo-y))) 

From (j7.ip and (|7.2p . it seems that the view from the homogeneous coordinate 
system is far less opaque than that from the nonhomogeneous system. However, 
as we shall see in Section 17.21 the nonhomogeneous coordinate setting does give 
us an intuitive explanation for the classification of genus-zero N=2 superconformal 
DeWitt super- Riemann surfaces, and genus-one N=2 superconformal DeWitt super- 
Riemann surfaces corresponding to the trivial cocycle in H^{Mb, TMb), up to N=2 
superconformal equivalence that we obtained in Sections 15.21 and 16.21 



7.2. N=l superconformal DeWitt super-Riemann surfaces, afRne u(l) 
and the GL{1) loop group over A?>i- Much of the interpretation below was 
inspired in part by discussions the author had with Yi-Zhi Huang. 

Recall that an N=l superconformal DeWitt super-Riemann surface is a DeWitt 
(1, l)-dimensional supermanifold for which the transition functions, in addition to 
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being superanalytic are N=l superconformal. As proved in [B4j, the Lie super- 
algebra of infinitesimal N=l superconformal transformations is given by the su- 
perderivations 



(7.3) 
(7.4) 



-de dz, 

for n ^ T,. Define the N=l Neveu-Schwarz algebra to be the Lie superalgebra 
with basis consisting of the central element d, even elements L^, and odd elements 
Gn+i/2 for n G Z, satisfying the supercommutation relations 



(7.5) 
(7.6) 
(7.7) 



m 1 
1 



for m, n e Z. It is straightforward to check that the superderivations (17. 3p . ()7.4|) 
give a representation of the N=l Neveu-Schwarz Lie superalgebra with central 
charge zero. 

As proved in |B7j . the Lie superalgebra of infinitesimal N=2 superconformal 
transformations in the nonhomogeneous coordinate system is given by the su- 
perderivations 



(7.8) 
(7.9) 
(7.10) 
(7.11) 



Jniz, 01,02) 



dz 
_d_ 
862 
d 



2 

d 

'Wi 
d 



_d_ 



gi:um,92) = -[z-[^~02^^ 



d 



dz 
d 



'102 



\d02 



' dz 



nz''-^QxQ2 



d 
d 

ddi 



for n G li. Define the N=2 Neveu-Schwarz algebra to be the Lie superalgebra with 
basis consisting of the central element d, even elements L„, J„, and odd elements 
^ri+i/2' ^ ^ J = 1; 2, satisfying the super commutation relations 



(7.12) 
(7.13) 

(7.14) 
(7.15) 
(7.16) 
(7.17) 



[Lm, Ln] = (to - n)Lra+n + J^i'^^ ~ m)6m+n,Q d, 



\JJ , 1 , Ur 

m+^' n— - 

Lt , 1 1 



\Jm-) Jn 



(1) 

n+l 



G 



1 



2im+ri + g (™ + m)dm+n,0 d, 

-i{m ~n + l)Jm+„, 

-mSm+nfid, 



'Jri\ — TiJ^ 



= -iG 



(2) 



Jm-, G 



(2) 
n+l 



= iG 
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for m,n G Z, j 1,2. It is straightforward to check that the superderivations 
()7.8p - (|7.1ip give a representation of the N=2 Neveu-Schwarz Lie superalgebra with 
central charge zero. 

Thus the N=2 Neveu-Schwarz Lie superalgebra has two copies of the N—1 Neveu- 
Schwarz Lie superalgebra (given by the L„'s and g|;'2i/2'^' f*-"" J = 1 or = 2) along 
with a copy of a u(l) afFine Lie algebra running between them given by the J„'s. 

Remark 7.1. Defining i = -ysiG^^^i =FiG'^2i)i ^-i^d rewriting the super- 
commutation relations between and i in terms of this new basis, we find 

n+ 2 

that [Jm,G^^i] = ±G^^^^^i. We call the basis {L„, J„, G^^i , d | n G Z} the 
homogeneous basis for the N=2 Neveu-Schwarz algebra. Performing the change 
of variables (I2.19|) from nonhomogeneous coordinates to homogeneous coordinates, 
we have that the corresponding superderivations ()7. 8^ - 1)7. lip , give a representation 
of the N=2 Neveu-Schwarz Lie superalgebra in the homogeneous basis. And here 
we see another motivation for our terminology: in the homogeneous basis, the Jq 
term has homogeneous supercommutation relations with G^ i . Through the expo- 
nentiation of infinitesimal N=2 superconformal transformations, this results in the 
relative simplicity of the change of coordinate formulas in the homogeneous case 
versus the nonhomogeneous case for genus-zero (|7.1I) and restricted genus-one (|7.2p 
uniformized N=2 super-Riemann surfaces. 

Another way of viewing the relationship between the N=l and N=2 Neveu- 
Schwarz Lie superalgebras realized as superderivations, is by considering that the 
superderivations (|7.3p and (|7.4p along with 



for £ Z, also give a representation of the N=2 Neveu-Schwarz Lie superalgebra 
with central charge zero; see |B9) . (Note that G*_i{z,9) = G,^_i{z,i9).) As 

shown in [B9| . these superderivations generate the algebra of all N=l superanalytic 
coordinate transformations, and these are generated by (|7.3p and (|7.4p along with 
the zero term of the affine u(l), namely Jq{z, 6) = 6-^. 

From the fact that the N=2 Neveu-Schwarz Lie superalgebra of infinitesimal N=2 
superconformal transformations contains two subalgebras of infinitesimal N=l su- 
perconformal transformations, which give rise to N=l superconformal submanifold 
structures for certain N=2 super-Riemann surfaces, one can in some intuitive sense, 
think of the N=2 superconformal moduli space as arising from two copies of the 
N=l superconformal moduli space with an exponentiated copy of affine u(l) run- 
ning between them. 

More specifically, by the classification of N=l superconformal DeWitt super- 
Riemann surfaces in |CR| . up to N=l superconformal equivalence, there is only one 
unique N=l superconformal structure over C, H, and C, respectively. The unique 
equivalence class of N=l superconformal DeWitt super-Riemann surfaces with com- 
pact genus-zero body is given by two coordinate charts {{Ua, A), {Ur, T)} and local 
coordinate maps A : Ua — > A*>o ^^'^ ^ ■ ^"<" — * A*>o which are homeomor- 
phisms of Ua and Uy onto A*>0' respectively, such that A o T^^ : Ar>o — * Ar>o 
is given by AoT~-'^(z, 9) = (1/z, i9/z). We denote this genus-zero N=l superconfor- 
mal DeWitt super-Riemann surface by S'^C(l). The N=2 superconformal DeWitt 



(7.18) 




and 
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super-Riemann surface S'^C(l), has two embeddings of iS'^C(l), given by the iden- 
tity mapping on the even subspace (the body and the even fiber component) and 
identifying the one fermionic component to either the fibers corresponding to the 
first or the second fermionic component. 

In the genus-one case, the N=l superconformal DeWitt super-Riemann surfaces 
over a complex torus C/Ft- are classified by their N—l superconformal transition 
functions Hy(z,9) as follows: 

(7.19) H,n+nT{z,6) = (z + m + nb,e^"e20) (nontrivial spin structure) 

(7.20) H„i+„t(z,0) = (z + m + nb + n96,9 + nS) (trivial spin structure) 

for m,n e Z, where b G A*-i '^ith bs = t, S E A!-i; ^^'^ (^Ij^z) = (=tliTl) or 
(— 1, —1) (see jCRj . |FrR] . [Ho] ) . The first case corresponding to the nontrivial spin 
structure results in one distinct N=l superconformal equivalence class for each 
b e A*-i with bs = T. The family of distinct N=l superconformal equivalence 
classes in the case of trivial spin structure is parameterized by 65 = 6 — r G (A*-i)s 

and (5 G ALi / < ±1 >■ 

The N=l superconformal DeWitt super-Riemann surface with trivial spin struc- 
ture and with b = bs = t and (5 = is an N=l superconformal submanifold of 
the N=2 superconformal DeWitt super-Riemann surface iS'^Tt-(I) with two unique 
embeddings given by mapping the N=l fermionic component onto either the first 
or the second N=2 fermionic component for this trivial (A*>i)s ^ (Al>i)^"bundle 
over C/Tr- 

The N=l superconformal DeWitt super-Riemann surfaces with nontrivial spin 
structure and with b — bs — t are N—l superconformally equivalent to an N=l 
superconformal submanifold of S'^Tt{^t) with driz + m + nT)/t?T-(z) — e™\ i.e., 
where is the theta function of type {a^,b^) for — Q and b^ — bm+nr — 
n/2. Again the embedding can be done in two different ways: by embedding 
the N—1 fermionic component into either the first fermionic component or the 
second fermionic component. This N=2 superconformal supertorus is the N=2 
superconformal DeWitt super-Riemann surface over C/Tr with transition func- 
tions given by Hm+nr[z,e+ .O') = {z + m + nr, e""6'+, e-^^e*") = {z + m + 
riT, e^^O'^ , e'^™9~) in the homogeneous coordinate system, which are coincidentally 
given by Hm+nT{z,9i,92) = (z + m + nT^e™''9i^e'"™92) in the nonhomogeneous 
coordinate system. 

Using the setting and results of |B7| . consider the group given by N=2 super- 
conformal transformations of the form 

(7.21) exp(- ^M^^ ■ a-'"^''"^'"'^ ■ (z, 9+,9-) 

= (z, 9+aoexp(^Yl ^m''), 9-ao^exp(^-~ ^ ^„z")) 

for gq G (A?-2)^' ^ for n G Z-^, where 

(7.22) Jn{z,e\9-) = - 0-^) 

and the series X]nGZ+ -^nz" has an infinite radius of convergence. It follows from 
Theorem 6.10 in |B7j . there is a bijection between transformations of the form (|5.5p 
and of the form (|7.2ip . Similarly, exponentiating the J„(z, 9^,9^) terms for n < 
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acting on {\/ z^i9^ / z^iO^ / z)^ one obtains the transformations in a neighborhood 
of infinity. 

This exponentiation of these infinitesimals Jn{z,9~^ ,9~), which represent the 
u(l) afhne Lie subalgebra of the N=2 Neveu-Schwarz algebra, over A*>i gives us 
the full connected component of the identity in the GL{1) loop group over A*>i 
[PS| in the case of n G Z which is the group £. And in the case n S N, we obtain the 
subgroup of the connected component of the GL(1) loop group which, over A*>ii 
corresponds to the subgroup of £. The case corresponding to n g N and the 
subgroup £^ occurs when AIb is noncompact, and the case corresponding to n G Z 
and the subgroup £ occurs when Mb is compact. In the compact genus-zero case, 
we have the group Q corresponding to the full loop group, and Q/£ = 'Z counts the 
connected components, in addition to classifying the holomorphic GL(l)-bundles 
over C. And similarly in the genus-one case, exponentiating the afhne u(l), over the 
two genus-one N=l superconformal DeWitt super-Riemann surfaces with trivial 
and non-trivial spin structure, respectively, we again arrive at the holomorphic 
GL(l)-bundles over the underlying body manifold giving rise to the moduli space 
of genus-one N=2 superconformal DeWitt super-Riemann surfaces with transition 
functions restricted to contain no odd functions of an even variable. 
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